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Abstract 



In this paper we study the short time existence problem for the (gener- 
alized) Lagrangian mean curvature flow in (almost) Calabi-Yau manifolds 
when the initial Lagrangian submanifold has isolated conical singularities 
modelled on stable special Lagrangian cones. Given a Lagrangian sub- 
manifold Fo : 1/ — >■ M in an almost Calabi-Yau manifold Af with isolated 

Cn ■ conical singularities at xi,...,Xn € M modelled on stable special La- 

grangian cones Ci, . . . , C„ in C™, we show that for a short time there exist 
one-parameter families of points xi{t), . . . Xnit) £ M and a one parameter 

r^^ • family of Lagrangian submanifolds F{t, ■) : L —>■ M with isolated coni- 

jrt I cal singularities at xi{t), . . . , x„{t) G M modelled on Ci, . . . , C„, which 

evolves by (generalized) Lagrangian mean curvature flow with initial con- 
dition Fo : L ^ M. 

> ■ 1 Introduction 

m : 

^ ■ 1.1 Lagrangian mean curvature flow 

'nT I In a Calabi-Yau manifold AI with holomorphic volume form fl there is a dis- 

t~^ ■ tinguished class of submanifolds called special Lagrangian submanifolds. These 

^D I are oriented Lagrangian submanifolds that are calibrated with respect to Re ft. 

There has been growing interest in special Lagrangian submanifolds in the past 
decade since these are the key ingredient in the Strominger-Yau-Zaslow con- 
jecture |22] which states mirror symmetry in terms of special Lagrangian torus 
K^ \ fibrations. 

5_j ■ Proving the existence of special Lagrangian submanifolds in a Calabi-Yau 

Cd I manifold is a hard problem. For instance Wolfson proved in [25] the existence 

of a K3-surface which has no special Lagrangian submanifolds. This shows how 
subtle the issue is. However, since special Lagrangian submanifolds are cali- 
brated submanifolds, they are volume minimizers in their homology class. One 
possible approach to the study of the existence of special Lagrangian subman- 
ifolds is therefore through mean curvature flow, which is the negative gradient 
flow of the volume functional. The key observation here is due to Smoczyk |19| 
who proves that a compact Lagrangian submanifold in a Calabi-Yau manifold 
(or even in a Kahlcr-Einstein manifold) remains Lagrangian under the mean 
curvature flow. The naive idea is therefore to start with a Lagrangian sub- 
manifold in a Calabi-Yau manifold and to deform it under Lagrangian mean 



curvature flow to a special Lagrangian submanifold. The longtime convergence 
of the Lagrangian mean curvature flow to a special Lagrangian submanifold has 
so far only been verified in several special cases, see for instance Smoczyk and 
Wang [3T] and Wang [21]. Also in [53] Thomas and Yau conjecture that for a 
given Lagrangian submanifold in a Calabi-Yau manifold, which satisfies a cer- 
tain stability condition, the Lagrangian mean curvature flow exists for all time 
and converges to a special Lagrangian submanifold. In general however one 
expects that a Lagrangian submanifold will form a finite time singularity under 
the mean curvature flow. In fact, recently Neves |15| constructed examples of 
Lagrangian surfaces in two dimensional Calabi-Yau manifolds which develop a 
finite time singularity under the mean curvature flow. The appearance of flnite 
time singularities in the Lagrangian mean curvature flow therefore seems to be 
unavoidable in general. 

When a flnite time singularity occurs there are two possibilities, depending 
on the kind of singularity, how the flow can be continued. The first possibility is 
as in Perelman's work [18] on the Ricci flow of three manifolds, where a surgery 
is performed before the singularity occurs and the flow is then continued. The 
other possibility to continue the Lagrangian mean curvature flow when a flnite 
time singularity occurs is to evolve the singular Lagrangian submanifold by 
mean curvature flow in a specific class of singular Lagrangian submanifolds. 

1.2 Results and overview of this paper 

In this paper we study the short time existence problem for the generalized La- 
grangian mean curvature flow in almost Calabi-Yau manifolds when the initial 
Lagrangian submanifold has isolated conical singularities modelled on stable 
special Lagrangian cones. We show that for a given Lagrangian submanifold 
Fq : L ^ M with isolated conical singularities modelled on stable special 
Lagrangian cones one can find for a short time a solution F{t, ■) : L ^ M, 
< t < T, to the generalized Lagrangian mean curvature flow with initial 
condition Fq : L -^ M, hy letting the conical singularities move around in M. 
The Lagrangian mean curvature flow of i^o : -^ ^ .^^ (here on the left) looks 
therefore after a short time like the surface on the right. 




We give a short overview of this paper. In Section [5] we first introduce some 
necessary background material from symplectic geometry and Riemannian sub- 
manifold geometry. Further we define the notion of the generalized Lagrangian 
mean curvature flow in almost Calabi-Yau manifolds and present a new ap- 
proach to the short time existence problem of the generalized Lagrangian mean 
curvature flow when the initial Lagrangian submanifold is a compact Lagrangian 



submanifold. We feel that it is helpful first to understand our alternative ap- 
proach to the short time existence problem when the initial submanifold is 
compact in order to understand the much more complicated approach to the 
short time existence problem when the initial Lagrangian submanifold has iso- 
lated conical singularities. In Section[3]we review some important results about 
linear parabolic equations on Ricmannian manifolds with conical singularities, 
which build the core for the later short time existence proof. In Section 2] we 
then introduce special Lagrangian cones and Lagrangian submanifolds with iso- 
lated conical singularities in almost Calabi-Yau manifolds. Further wc discuss 
several Lagrangian neighbourhood theorems that will assist us in setting up 
the later short time existence problem. Finally in Section [5] wc discuss the 
short time existence proof of the Lagrangian mean curvature flow when the 
initial Lagrangian submanifold has isolated conical singularities modelled on 
stable special Lagrangian cones. First, generalizing the ideas from Section [51 
we discuss how to set up the short time existence problem using a Lagrangian 
neighbourhood theorem for Lagrangian submanifolds with isolated conical sin- 
gularities. Then, using the analytical results from Section [31 we discuss in an 
informal way how the short time existence of the flow is proven. We avoid the 
long and rather complicated analytical details of the short time existence proof 
and merely concentrate on the ideas of the proof. The interested reader may 
consult the author's DPhil thesis [2] to learn about the details of the proof, 
although this is not recominended. We hope that this paper will serve as a 
readable version of the results obtained in [5] . 
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2 Generalized Lagrangian mean curvature flow 
of compact Lagrangian submanifolds 

Before we begin with our review of some basic notions from Riemannian sub- 
manifold geometry and symplectic geometry we have to make a remark about 
the regularity of the manifolds and maps, i.e. functions, differential forms, vector 
fields, and embeddings, that we consider in this paper. All the manifolds that 
we consider in this paper are assumed to be smooth and connected. Moreover 
we make use of the convention that all the maps we are considering are smooth, 
unless differently specified. For example, when we say that u is a function on 
the manifold M or /3 is a one-form on M , then we mean that m is a smooth 
function on M and /3 is a smooth one-form on M . Otherwise we may say that 
w is a C'^-function on M, meaning that u is fc-times continuously differentiable. 
Throughout this section we will restrict ourselves to smooth maps. The defi- 
nitions and results that we present in this section, however, have straightforward 
generalizations when the maps have less regularity (assuming that the maps are 



C^ is usually sufficient). We wanted to mention this rather obvious fact, since 
the regularity of the maps is of particular importance in the study of the short 
time existence problem in [J5] 

2.1 Some notions from Riemannian submanifold geometry 

We now recall some basic definitions from Riemannian submanifold geometry. 

Let (M, g) be an m-dimensional Riemannian manifold and N a manifold 
of dimension n with n < m. An embedding of TV into M is an injective map 
F : N -^ M, such that the differential dF{x) : T^N -^ Tf(x)M is injective 
for every x Q N. The image F{N) of an embedding F : N —>■ M is then an 
n-dimensional submanifold of M. In this paper we will refer to an embedding 
F : A^ ^- M as an n-dimensional submanifold of M. 

A submanifold F : N —^ M defines an orthogonal decomposition of the 
vector bundle F*{TM) into di^(rA^) ® vN. The vector bundle lyN over A^ 
is the normal bundle of F : A^ ^- M. Denote by tTi^n the orthogonal projec- 
tion F*{TM) -^ vN onto the normal bundle oi F : N ^ M. The second 
fundamental form of a submanifold F : N ^ M is a. section of the vector bun- 
dle Q^T*N d) uN defined by ll{X,Y) = 7r^Ar(VdF(x)dF(r)) for X,Y € TN. 
Here V is the Levi-Civita connection of g. The mean curvature vector field of 
F : N -^ M is a section of i^N defined hy H = tr II, where the trace is taken 
with respect to the Riemannian metric F*(g) on A^. Finally, a submanifold 
F : A' ^ M is a minimal submanifold if the mean curvature vector field is zero. 
It can be shown that a compact submanifold F : A — )• M is minimal if and only 
if it is a critical point of the volume functional. 

2.2 Symplectic manifolds and Lagrangian submanifolds 

Definition 2.1. A 2m -dimensional symplectic manifold is a pair [M,uj), where 
M is a 2m- dimensional manifold and u is a closed and non-degenerate two-form 
on M. 

The most elementary example of a symplectic manifold is {C^,uj'), where 
w' ~ X^i^i '^^j ^ '^Vj- ^^-d (xi, . . . , ym) are the usual real coordinates on C™. 
Denote by Bj^ the open ball of radius R > about the origin in C". Then 
{Bji,uj') is a symplectic manifold, and in fact every 2TO-dimensional symplectic 
manifold is locally isomorphic to {Bb,,oj') for some small i? > 0. This is the 
statement of Darboux' Theorem [T31 Thm 3.15]. 

Theorem 2.2. Let [M^lo) be a 2m- dimensional symplectic manifold, x G M, 
and let A : C" — ;■ T^M be an isomorphism with A*(uj) = uj' . Then there exists 
R > and an embedding T : Bf/ — > M, such that T*(uj) ~ uj' , T(0) — x, and 
dT(0) = A. 

Another important example of a symplectic manifold is the cotangent bundle 
of a manifold. If M is an 7Ti-dimensional manifold, then the cotangent bundle 
T*M of M is a 2m-dimensional manifold that has a canonical symplectic struc- 
ture UJ defined as follows. Denote by tt : T*M -^ M the canonical projection 
and let A be the one-form on T*M defined by A(/3) == (d7r)*(/3) for /? G T*M. 
Set UJ = — dA, then one can show that w is a symplectic structure on T* M . 



Definition 2.3. Let [M,uj) he an 2m- dimensional symplectic manifold. An 
m-dimensional submanifold F : L ^ M of M is a Lagrangian submanifold if 
F*{uj) = 0. 

Of particular importance for our later study of the generalized Lagrangian 
mean curvature flow is the notion of a Lagrangian neighbourhood, which we 
now introduce. 

Definition 2.4. Let (Af, w) be a symplectic manifold and F : L ^)- AI a La- 
grangian submanifold of M . A Lagrangian neighbourhood for F : L ^ M is 
an embedding $i : Ul ^ M of an open neighbourhood Ul of the zero section 
in T* L onto an open neighbourhood of F{L) in M, such that <^*^{uj) = Co and 
$L {x, 0) = F{x) for X e L. 

When F : L ^ M is a. compact Lagrangian submanifold, then the existence 
of a Lagrangian neighbourhood for F : i — > 7\/ is guaranteed by the Lagrangian 
Neighbourhood Theorem. 

Theorem 2.5 (Lagrangian Neighbourhood Theorem). Let {M,uj) be a 
symplectic manifold and F : L ^ M a compact Lagrangian submanifold. Then 
there exists a Lagrangian neighbourhood $i : Ul -^ M for F : L ^ M . 

A proof of the Lagrangian Neighbourhood Theorem for compact Lagrangian 
submanifolds can be found in McDuff and Salamon [T31 Thm. 3.32]. 

2.3 Almost Calabi— Yau manifolds 

We define almost Calabi- Yau manifolds following Joyce Dcf. 8.4.3]. 

Definition 2.6. An m-dimensional almost Calabi-Yau manifold is a quadru- 
ple {M, J, 10,0.), where {M,J) is an m-dimensional complex manifold, to is the 
Kdhler form of a Kdhler metric g on M , and fl is a holomorphic volume form 
on M. 

Let (Af, J, w, ri) be an ?7i-dimensional almost Calabi-Yau manifold. The 
Ricci-form is the complex (1, l)-form given by p{X, Y) = Ric( JX, Y) for X,Y & 
TM, where Ric is the Ricci-tensor of g. Wc define a function ■!/) on M by 

e^-^^^i-i)-^(^YnAn. (1) 
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Then \fl\ — 2™/^e™''', so that fl is parallel if and only if ip is constant. One 
can show that the Ricci-form of an almost Calabi-Yau manifold satisfies p = 
dd"^ log |ri|. Thus p = mdd'^V and it follows that g is Ricci-flat if and only if tp 
is constant. If -0 = 0, then (Af, J, w, H.) is a Calabi-Yau manifold [H Ch. 8, §4]. 
The most important example of an (almost) Calabi-Yau manifold is C" 
with its standard structure. Denote by (xi, . . . , Xm, yi, • ■ • , J/m) the usual real 
coordinates on C™. We define a complex structure J', a non-degenerate two 
form Lo' , and a holomorphic volume form fl' on C™ by 



\dxjj dyj \dyjj dxj 



, m, 



y = 2, '^^j ^ '^Vj^ ^' = ("^^i + *clyi) A • • • A {dx„i + idy,n). 



Then (C", J' ,ijj' , ^') is an (almost) Calabi-Yau manifold and the corresponding 
Riemannian metric is the Euclidean metric g' = (ix\ + • • • + dy^j . 

We now discuss Lagrangian submanifolds in almost Calabi-Yau manifolds. 
Thus let (M, J, Wjfi) be an m-dimensional almost Calabi-Yau manifold and 
F : L —> M a Lagrangian submanifold. We define a section a of the vector 
bundle Hom(z/L,T*L) by 

a{C) ^ a^ ^ F* {^ J Lj) for ^eiyL. (2) 

Since F : L ^ M is Lagrangian, a is an isomorphism in each fibre over L. 
Moreover, a~^{du) = —J{dF{Vu)) for every function u on L. 

Let H be the mean curvature vector field of F : L — )• A/. The one- form 
aH = F*{H _i oj) on L is the mean curvature form of i^ : L — >■ M. Then 
dan = ^*(p), as first observed by Dazord [6]. Assume for the moment that 
{M,J,!jj,U) is Calabi-Yau. Then p = 0, as 5 is Ricci-flat. In particular aH 
is closed and it follows from Cartan's formula that F*{Chu>) = 0. Thus, if 
{M, J, w, ft) is Calabi-Yau, then the deformation of a Lagrangian submanifold 
in direction of the mean curvature vector field is an infinitesimal symplectic 
motion. Now if (M, J, uj, fl) is an almost Calabi-Yau manifold, then the Ricci- 
form is given by p = mdd'^ip. In particular F*{Ch^) = mi^* (dd'^'0) is nonzero 
in general. We therefore need a generalization of the mean curvature vector 
field with the property that the deformation of a Lagrangian submanifold in its 
direction is an infinitesimal symplectic motion. This leads to the definition of 
the generalized mean curvature vector field, which was introduced by the author 
in [H §3] and later generalized by Smoczyk and Wang in pp] . 

Definition 2.7. The generalized mean curvature vector field of F : L -^ M 
is the normal vector field K ~ H — rm:^L[Vip), where H denotes the mean 
curvature vector field of F : L -^ M . The one-form ax — F*{K j w) is the 
generalized mean curvature form of F : L —^ M. 

Note that if ip is constant, then K = H . Furthermore, \i F : L ^^ M 
is Lagrangian, then a short calculation shows that F*{Ck^) — 0. Thus if 
F : L ^ M IS a, Lagrangian submanifold in an almost Calabi-Yau manifold, 
then the deformation of F : L — >■ M in the direction of the generalized mean 
curvature vector field is an infinitesimal symplectic motion. 

Next we define the Lagrangian angle of a Lagrangian submanifold. Thus let 
F : L — >■ M be a Lagrangian submanifold. The Lagrangian angle oi F : L ^ M 
is the map 9{F) : L -^ R/ttZ defined by 

F*(r!) = e'''(^)+™^*Wdyf.(<,). 

Since F : L — )• M is a Lagrangian submanifold, 9{F) is in fact well defined, see 
for instance Harvey and Lawson [71 III.l]. In general 0{F) : L — >• R/ttZ cannot 
be lifted to a smooth function 0{F) : L -^ M.. However, d[6'(F)] is a well defined 
closed one-form on L, so it represents a cohomology class hf S H^{L, M.) in the 
first de Rham cohomology group of L. Thus if fip = 0, then 9{F) : L — > M/ttZ 
can be lifted to a smooth function 0{F) : L ^ M. and vice versa. The cohomology 
class fip is called the Maslov class of F : F — > M. 

The following proposition gives an important relation between the general- 
ized mean curvature form of a Lagrangian submanifold F : L ^ M and the 
Lagrangian angle. 



Proposition 2.8. Let F : L ^f M he a Lagrangian submanifold in an almost 
C'alabi- Yau manifold. Then the generalized mean curvature form of F : L —^ M 
satisfies uk = ^d[6'(i^)]. 

A proof of Proposition 12.81 can be found in tlic autlror's paper [5J Prop. 4]. 

Notice tlrat as a consequence of Proposition 12.81 if F : L — > A/ is a La- 
grangian submanifold with zero Maslov class, then uk is an exact one-form and 
the deformation oi F : L ^>- M in direction of the generalized mean curvature 
vector field is an infinitesimal Hamiltonian motion. 

Next we define a special class of Lagrangian submanifolds in almost Calabi- 
Yau manifolds called special Lagrangian submanifolds. 

Definition 2.9. Let F : L ^ M he a Lagrangian submanifold in an almost 
Calabi-Yau manifold {M, J,uj,fl). Then F : L ^ M is a special Lagrangian 
submanifold with phase e*^, 9 G M., if and only if 

F*{cos9 Im n - sine* Re O) = 0. 

If F : L ^ AI is a special Lagrangian submanifold with phase e*^ , then there is 
a unique orientation on L in which F*{cos6 Re D, + sm9 Im D,) is positive. 

Note that a special Lagrangian submanifold F : L ^ M has zero Maslov-class, 
since 0{F) is constant on L and d[9{F)] represents iip by Proposition 12.81 In 
particular it follows from Proposition 12.81 that special Lagrangian submanifolds 
are minimal. 

Definition l2.9l is not the usual definition of special Lagrangian submanifolds 
in terms of calibrations, as defined by Harvey and Lawson in [7j. Our definition 
is, however, equivalent to the definition of special Lagrangian submanifolds as a 
special class of calibrated submanifolds. Let us show how Definition 12 .91 fits into 
the usual frame of special Lagrangian submanifolds as calibrated submanifolds. 
If we define g to be the conformally rescaled Riemannian metric on M given 
by g = e'^'^g, then one can show that Re 17 is a calibration on the Riemannian 
manifold (M, g) . We then have the following alternative characterization of 
special Lagrangian submanifolds. 

Proposition 2.10. Let F : L ^ M be an oriented Lagrangian submanifold 
of an almost Calabi~Yau manifold (M, J, w,i7). Then F : L -^ M is a special 
Lagrangian submanifold with phase e*^, 9 S K, if and only if F : L —> M is 
calibrated with respect to Re(e~*^0) for the metric g. 

2.4 Lagrangian submanifolds in the cotangent bundle 

Let (M, Lo) be a 27TT,-dimensional symplectic manifold and L an m-dimensional 
manifold. Let T*L be the cotangent bundle of L and f3 a one-form on L. The 
graph of /? is the submanifold 

F : L — > T*L, F{x) = (x, /3{x)) € T^L for x e L. 

We write P^ for F{L) = {(x,/3(a;)) : x & L}. Then F*{uj) = -d/3, so that 
F : L ^^ T*L is a Lagrangian submanifold of T*L if and only if /3 is closed. In 
particular every function u on L defines a Lagrangian submanifold F : L ^ T* L 
by F{x) = (x, Au{x)) for x G L. 



Now let F : L — > Af be a Lagrangian submanifold and assume that we are 
given a Lagrangian neighbourhood ^l ■ Ul ^ M ior F : L ^ M. If /? is a 
closed one- form on L with Tjs C Ul, then we can define a submanifold by 

$LO/3:i — > M, ($Lo/3)(a;) =$L(a;,/3(a;)) for x G L. 

Since $2('^) = '^ ''^^'^ P i^ closed, $1, o /? : i — j> M is a Lagrangian submanifold. 
Note that if L is compact, then, after reparametrizing by a diffeomorphism on 
L, every Lagrangian submanifold F : L -^ M that is C^-closc to F : i — > A/ is 
given by $i o /? : L — >• M for some unique closed one- form /? on i. 

When we study the generalized Lagrangian mean curvature flow as a flow of 
functions, wc will study deformations of Lagrangian submanifolds of the form 
^L ° (/? + S11) '■ L — ?• M, for small s S M and /3, 77 closed one-forms on L with 
r^ C Ul- The next lemma gives a formula for the variation vector field of 
^L°{P + sTj) : L ^ M along the submanifold <^l° P '■ L ^ M. 

Lemma 2.11. Let /3,ri be closed one-forms on L with Tp C Ul and e > 
sufficiently small such that F^+g^ C Ul for s € (— e,e). Then for every s £ 
(— e, e), $L o (/3 -|- 577) : L ^ M is a Lagrangian submanifold and 

— 'i>Lo{(3 + sT]) =-a-\7j) + Vir]), 
as s=Q 

where a is defined in ^ and V{ri) ~ d($L o l3)(V{ri)), V(r]) e TL, is the 
tangential part of the variation vector field. 

2.5 Generalized Lagrangian mean curvature flow 

Definition 2.12. Let Fq : L -^ AI be a Lagrangian submanifold of M . A one- 
parameter family {-F(i, •)}fg(-o.T) of Lagrangian submanifolds F{t,-) : L — > M, 
which is continuous up to t — 0, is evolving by generalized Lagrangian mean 
curvature flow with initial condition Fq : L ^>- M if 

^uL (^j (t, x) = K{t, x) for (t, x) e (0, T) x L, 

F{0,x)^Fo{x) forxEL. 

Here K{t, •) is the generalized mean curvature vector field of F{t, ■) : L ^f M 
for t G (0, T) as in Definition \2.7\ If M is Calabi-Yau, then ip = and K = H . 
Then we say that {F(i, •)}tg(o,T) evolves by Lagrangian mean curvature flow. 

We will establish the short time existence of solutions to the generalized La- 
grangian mean curvature flow ([3]) when the initial Lagrangian submanifold 
Fo : L ^ M is compact in Theorem 12.141 below. We first give a short gen- 
eral discussion of the generalized Lagrangian mean curvature flow. 

The system of partial differential equations in ^ is, after reparametrizing 
by a family of diffeomorphisms on L, a quasilinear parabolic system. Hence, if L 
is compact, then it follows from the standard theory for parabolic equations on 
compact manifolds, see for instance Aubin [I] §4.2], that for every submanifold 
Fq : L ^ M there exists a one-parameter family {F(i, •)}tG(o.T) of submanifolds 
F{t,-) : L — > M, which is continuous up to i = and satisfies (jH]). Less 
obvious, however, is the fact that if Fq : i — >■ M is a Lagrangian submanifold. 



then F{t,-) : L ^ M is a. Lagrangian submanifold for every t G (0,T). The 
original proof of the fact that F{t, •) : L — > M is a Lagrangian submanifold 
for t G (0, T) uses long computations in local coordinates and the parabolic 
maximum principle. In W2.6\ we show how the generalized Lagrangian mean 
curvature flow can be integrated to a flow of functions on L rather than of 
embcddings of L into M. Using this interpretation of the generalized Lagrangian 
mean curvature flow we present in i j2.6l a new short time existence proof for the 
generalized Lagrangian mean curvature flow when Fq : L ^ M is compact 

The idea of the Lagrangian mean curvature flow goes already back to Oh 
[T6] in the early nineties. The existence of the Lagrangian mean curvature flow, 
however, was first proved by Smoczyk [19l Thm. 1.9] for the case when M is 
a Kahler-Einstein manifold. Recently there has been interest in generalizing 
the idea of the Lagrangian mean curvature flow. This led to the notion of 
generalized Lagrangian mean curvature flows flrst introduced by the author in 
[3] , when M is a Kahler manifold that is almost Einstein, and later by Smoczyk 
and Wang [20], when M is an almost Kahler manifold that admits an Einstein 
connection. 

The next proposition discusses another definition of the generalized La- 
grangian mean curvature flow, which at least in the case when F : L -^ M 
is a compact Lagrangian submanifold, is equivalent to the previous one. 

Proposition 2.13. Let Fq : L ^ M be a compact Lagrangian submanifold, 
and {F{t, ■)}{o,T) o, one-parameter family of Lagrangian suhmanifolds Fit, ■) : 
L ^f M , which is continuous up to t = and evolves by generalized Lagrangian 
mean curvature flow with initial condition Fq : L ^f M . Then there exists a one- 
parameter family {^{t, •)}tG(o,T) of difjeomorphisms of L, which is continuous up 
to t ~ 0, such that the following holds. The map (p{0, ■) : L ^^ L is the identity 
on L and, if we define a one-parameter family {F(t, ■)}te{o.T) of Lagrangian 
submanifolds F{t, •) : L —^ M by 

F{t, x) = F{t, ip{t, x)) for {t, x) e (0, T) x L, 

then {F{t, ■)}t£(o,T) ^s continuous up to t = and satisfies 

dP 

— {t,x) ^ K{t,x) for{t,x)e{0,T)xL, ^^^ 

F{0,x)=Fo{x) forxeL. 

Often Q is used for the definition of the generalized Lagrangian mean cur- 
vature flow. Proposition 12.131 shows that ([3|) and (|4]) are equivalent up to a 
family of tangential diffeomorphisms, provided L is compact. It is important to 
note, however, that in general ([3]) and Q are not equivalent. For instance in the 
generalized Lagrangian mean curvature flow with isolated conical singularities, 
which we study in fJ51 we will find a solution to ^. The solution will then 
consist of Lagrangian submanifolds with isolated conical singularities and the 
singularities move around in the ambient space. In this case it is in general not 
possible to rcparamctrize a solution of ([3]) by diffeomorphisms on L in order to 
get a solution of (j3]). Note that if we arc given solutions {-F(i, •)}(o.t) to the 
generalized Lagrangian mean curvature flow ^ and {F{t, OltGlo.T) to ^, then 
F{t,L) = F{t,L) for t G (0,r). So F(t, •) : L ^ M and F{t,-) : L ^ M have 
the same image for each t G (0,T). 



2.6 Short time existence of the flow 

The short time existence of the generahzed Lagrangian mean curvature flow 
when the initial Lagrangian submanifold is compact is estabhshed in the foUow- 
ing theorem. 

Theorem 2.14. Let Fq : L ^ M be a compact Lagrangian submanifold in an 
almost Calabi-Yau manifold M. Then there exists T > and a one-parameter 
family {F(t^ ■)}t^(o,T) of Lagrangian submanifolds F(t, •) : L — > M , which is 
continuous up to t = and evolves by generalized Lagrangian mean curvature 
flow with initial condition Fq : L ^ M . 

As mentioned before we now present a new proof of Theorem 12 .141 The idea 
of the proof is based on two observations. Firstly, when Fg : L — >■ M is a com- 
pact Lagrangian submanifold, then by Theorem 12.51 there exists a Lagrangian 
neighbourhood ^l ■ Ul -^ M oi Fq : L ^ AI and every Lagrangian subman- 
ifold F : L ^ M that is C^-close to Fq : L ^ M is, after reparametrizing 
by a diffeomorphism on L, given hy ^l ° P '■ L ^>- M for some unique closed 
one- form /3 on L. Secondly, by Proposition 12.81 the generalized mean curvature 
form of i^o : -^ — >■ -^ satisfies uk = — d[0(Fo)]. Assume for the moment that 
Fq : L ^- M has zero Maslov class, then uk is exact and the Lagrangian mean 
curvature flow (if it exists) is a Hamiltonian deformation. Therefore we expect 
that the Lagrangian mean curvature flow of i^o : -^ ^" -^ (if it exists) should be 
equivalent to the existence of a solution to an evolution equation of the form 
dfU = 9{'^L ° du) for a function u on (0, T) x L for T > 0. 

Let us now carry out these ideas in more detail. To this end let Fq : L ^ M 
be a compact Lagrangian submanifold in an almost Calabi-Yau manifold M 
and let $l '■ Ul —?' M he a Lagrangian neighbourhood for Fq : L — !► Af as 
given by Theorem 12.51 Let hfo be the Maslov class of Fq : L ^ M, and choose 
a smooth map ao : L ^ R/ttZ with dan G fJ-Fa ■ Denote /3o = dao • Then 
we can choose a smooth lift &{Fo) : i ^ R of 9{Fo) — ao : L ^ R/ttZ. In 
particular Q{Fo) satisfles d[9(Fo)] = d[(?(Fo)] — /3o. Moreover, if {ri{s)}g^(^_^_i,-^, 
e > 0, is a smooth family of closed one-forms defined on L with r^^^-j C Ul for 
s g (— e,e) and ry(0) = 0, then we can choose 8($l ° '/(■?)) to depend smoothly 
on s G (— e,e). 

We now define a nonlinear differential operator P as follows. Define a one- 
parameter family {/3(i)}tg(o.T) of closed one- forms on L by /3(i) = i/3o for t e 
(0,T). Then {/3(i)}tG(o,T) extends continuously to i = with /3(0) = 0. Choose 
T > small enough so that ^p{t) C Ul for t £ (0, T), and define the domain of 
Pby 

P = {u e C°°((0, T) X L) : u extends continuously to t = 

and rd„(t,.)+/3(t) C Ul for t e (0,T)}. 

Then the operator P is defined by 

fill 

P:V^ C°°((0, T) X L), P{u) = — - Q{<^l o {du + /3)). 

ot 

If u e 2?, then T^u(t,-)+i3(t) C Ul for every t G (0,T), and the Lagrangian 
submanifold $l o (du(t, •) -I- /3(t)) : i -> M is well defined for every t G (0,T). 
Hence 6($l o {du{t, ■) + f3{t))) is also weU defined for every t G (0,T). 
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We now consider the Cauchy problem 

Pu{t, x)^0 for (i, x) e (0, T) X i, 

u(0, x) — Q for a; e L. 

If we are given a solution u € V oi the Cauchy problem ([S]), then we obtain 
a solution to the generalized Lagrangian mean curvature flow. In fact, the 
following proposition is easily checked using Proposition 12.81 and Lemma 12.111 

Proposition 2.15. Let u Cz T) be a solution of ([5]) and define a one-parameter 
family {i^(i, ■)}te(o,T) of submanifolds of AI by 

F{t, ■):L^ M, F{t, •) - $L o {du{t, •) + /3(t)). 

Then {F{t, ■)}te{o,T) 'i-s a one-parameter family of Lagrangian submanifolds, con- 
tinuous up to t = 0, which evolves by generalized Lagrangian mean curvature 
flow with initial condition Fq : L —^ M . 

From ProDOsition l2.15l it follows that the short time existence problem of the 
generalized Lagrangian mean curvature flow for a compact Lagrangian subnian- 
ifold Fq : L — >■ Af is equivalent to the short time existence of solutions to the 
Cauchy problem ([5]). Note in particular that ([5]) is a fully nonlinear equation 
(in fact it is parabolic, as we will show below) of a scalar function only. There- 
fore we have "integrated" the generalized Lagrangian mean curvature flow and 
got rid of the system of partial differential equations in ([3]) . Also note that if 
Fq : i — > M has zero Maslov class, then we can choose /3o = in Proposition 

[213 

We now outline the proof of Theorem 12.141 It suffices to show that the 
Cauchy problem Q admits a solution for a short time. Studying short time 
existence problems for scalar nonlinear parabolic equations is very similar to 
the study of elliptic deformation problems. In fact, once one can show that 
the operator P is a smooth operator between certain Banach manifolds and 
that its linearization at the initial condition is an isomorphism, one can use the 
Inverse Function Theorem for Banach manifolds to show that for a short time 
there exists a solution with low regularity to the nonlinear equation. Thereafter, 
using standard regularity theory for parabolic equations, one can show that the 
solution is in fact is smooth. We will not enter the details here, but refer the 
reader to the author's DPhil thesis [H §5], where the analysis of the Cauchy 
problem ([5]) is carried out in full detail. Nevertheless we want to state the next 
lemma which gives a formula for the linearization of P at the initial condition 
and also verifies that P is in fact a nonlinear parabolic differential operator. 

Lemma 2.16. The linearization of the operator P : T> ^ C°°((0,T) x L) at 
the initial condition is given by 

dP(0)(u) = — - Aw + TOdV'^(Vu) + d6l^(y(dM)), 

where u is a function on (0,T) x L, ipp = {^l ° P)*{ip), Op = 6'($l ° P), V is 
defined in Lemm,a \2.11[ and the Laplace operator and V are computed using the 
time dependent Riemannian metric ($l o/3)*(ff) on L. 

From Lemma l2.16l we see that the linearization of P is a second order parabolic 
differential operator and thus, as expected, P is a nonlinear parabolic differential 
operator. 
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3 Linear parabolic equations on Riemannian man- 
ifolds with conical singularities 

In this chapter we review some results about hnear parabohc equations on Rie- 
mannian manifolds with conical singularities. We follow closely the author's 
paper j3] , and in fact most parts of this section are taken from [3] . As mentioned 
in the end of i i2.6l it is essential first to understand linear parabolic equations 
before studying short time existence problems for their nonlinear counterparts. 
We think that a good understanding of the material of this section is important 
in order to understand the short time existence of the generalized Lagrangian 
mean curvature flow with conical singularities modelled on stable special La- 
grangian cones. We especially recommend the reader to take note of the notion 
of discrete asymptotics in i j3.3l and how they are involved in the study of lin- 
ear parabolic equations on Riemannian manifolds with conical singularities, see 
Theorem 13.111 below. 

Let us first define the notion of Riemannian cones, Riemannian manifolds 
with conical singularities, and finally the notion of a radius function. We begin 
with the definition of Riemannian cones. 

Definition 3.1. Let (S, /i) he an (m — 1) -dimensional compact and connected 
Riemannian manifold, m > I. Let C ~ (S x (0, oo)) U {0} and C" = S x (0, oo) 
and write a general point in C as (cr, r). Define a Riemannian metric on C 
by g = dr^ + r'^h. Then we say that {C\ g) is the Riemannian cone over (S, h) 
with Riemannian cone metric g. 

Next wc define Riemannian manifolds with conical singularities. 

Definition 3.2. Let [M, d) be a metric space, xi, . . . ,Xn distinct points in M , 
and denote M' — A/\{a;i, . . . ,a;„}. Assume that M' has the structure of a 
smooth and connected m-dimensional manifold, and that we are given a Rieman- 
nian metric g on M' that induces the metric d on M' . Then we say that {M,g) 
is an m-dimensional Riemannian manifold with conical singularities Xi, . . . ,Xn, 
if the following hold. 

(i) We are given R > Q such that d{xi,Xj) > 2R for 1 < i < j < n and 
compact and connected (m—l)- dimensional Riemannian manifolds (E^, hi) 
for i ~ 1, . . . , n. Denote by (Ci, gi) the Riemannian cone over (E^, hi) for 
i ~ 1, . . . , n. 

(ii) For i = 1, . . . ,n denote Si = {x E M : < d(x,Xi) < R}. Then there 
exist /ii G R with fii > 2 and diffeomorphisms (pi : E^ x (0, R) ^f Si, such 
that 

I ^^ {4>l (.9) ~9i)\^ Oirf"' ^2-*=) asr — ^ for keN 

and i = 1, . . . ,n. Here V and \ ■ \ are computed using the Riemannian 
cone metric gi on E^ x (0, R) for i = 1, . . . ,n. 

Additionally, if (M, d) is a compact metric space, then we say that (Af , g) is a 
compact Riemannian manifold with conical singularities. 

Finally we introduce the notion of a radius function. 

Definition 3.3. Let {M,g) be a Riemannian manifold with conical singularities 
as in Definition \3.2\ A radius function on M' is a smooth function p : M' ^• 
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(0, 1], such that p — 1 on M'WJ^^-^ Si and 

\(t>*{p)-A=0{r^+') asr— ^0 

for some e > 0. Here \ ■ \ is computed using the Riemannian cone metric gi on 
Tii X (0, i?) for i = 1, . . . ,n. A radius function always exists. 

If p is a radius function on M' and 7 ~ (71, . . . , 7„) e R", then we define 
a function p~' on M' as follows. On Si we set p'' = p^^ for i = 1, . . . ,n and 
p"^ = 1 otherwise. Moreover, if 7, /x G M", then we write 7 < /i. if 7i < /^i for 
i = 1, . . . , n, and 7 < //, if 7^ < /i^ for i = 1, . . . , n. Finally, if 7 G M" and a G M, 
then we denote 7 + a = (71 + a, . . . , 7„ + a) G M". 

3.1 Weighted Sobolev spaces 

In this and the following subsection we give a crash course in weighted Sobolev 
spaces and the Fredholni theory of the Laplace operator, or more generally of 
what we call operators of Laplace type, on Riemannian manifolds with conical 
singularities. For more details on the material presented here the reader should 
consult Joyce [Hj , Lockhart and McOwen [T2] , the author [3] , and the references 
in these papers. 

Throughout this subsection we denote by (Af , g) a compact 77i-dimensional 
Riemannian manifold with conical singularities as in Definition 13.21 We first 
introduce weighted C'^-spaces. For fc G N we denote by C^^^{M) the space of 
fc-times continuously differentiable functions u : M' — > R and we set C^{M') = 
H/ceN Qoc(-^'): which is the space of smooth functions on M' . For 7 G M" we 
define the C^-norm by 

A: 

Mci, = E «^P IpW"^+^ V^u(x)| for u G CL(M'), 



whenever it is finite. A different choice of radius function defines an equivalent 
norm. Note that u G C\^^(M') has finite C^-norm if and only if V^u grows at 
most like p~'~^ for j = 0, . . . , fc as p — > 0. We define the weighted C'^'-space 
C^(M') by 

C^(M') = {^i G C,t(M') : h||cij<^}. 

Then C^(M') is a Banach space. We also set C^(A/') = ^^^^^^C^{M'). The 
space C^{M') is in general not a Banach space. 

Next we define Sobolev spaces on M' . For a fc-times weakly differentiable 
function u : M' -^ R the W^^^'^-norm is given by 



||w||ivfc.p 



whenever it is finite. Denote by W^^^{M') the space of fc-times weakly differ- 
entiable functions on M' that have locally a finite W^^^'^-norm and define the 
Sobolev space W^'P{M') by 

W^'P{M') = [ue <f (Af ) : Iklk^,. < ^} . 
13 




Then W'''P{M') is a Banach space. If fc = 0, then we write Lf^^{M') and LP{M') 
instead of W°^P{M') and W°^p{M'), respectively. 

Finally we define weighted Sobolev spaces. For fc G N, p G [l,oo), and 
7 G R" wc define the Wi^'^-norm by 



i/p 



V / |p-^+-'V-'u|Pp-" dVg for u e VP^itf (M') 



,J=0^*^ 



whenever it is finite. A different choice of radius function defines an equivalent 
norm. We define the weighted Sobolev space Wi:'P{M') by 



W. 



Then W^'P{M') is a Banach space. If fc = 0, then we write LP[M') instead of 
W°'P(A/')- Note that LP{M') == LP_^^^{M') and that C^{M'), the space of 
smooth functions on M' with compact support, is dense in W^'P{M') for every 
fc gN, pe [l,oo), and 7 G R". 

An important tool in the study of partial differential equations is the Sobolev 
Embedding Theorem, which gives embeddings of Sobolev spaces into different 
Sobolev spaces and C'^-spaces. The next theorem is a version of the Sobolev 
Embedding Theorem for weighted Sobolev spaces and weighted C'^'-spaces. 

Theorem 3.4. Let {M,g) be a compact m- dimensional Riemannian manifold 
with conical singularities as in Definition \3.^ Let k,l G N, p,q £ [l,oo), and 
7, (5 G M". Then the following hold. 

(i) ^/ - < - + %r '^''^'^ 7 > ^ ^/*e?i W^'P{M') embeds continuously into 

Wg''^{M') by inclusion. 
(ii) Ifk-- > I andj>S, then WJ^'P{M') embeds continuously into C\{M') 
by inclusion. 

Another important result for the study of partial differential equations is 
the Rellich-Kondrakov Theorem, which states under which condition the em- 
beddings in the Sobolev Embedding Theorem are compact. The next theorem 
is a version of the Rellich-Kondrakov Theorem for weighted Holder and Sobolev 
spaces on compact Riemannian manifolds with conical singularities. 

Theorem 3.5. Let (M,g) be a compact m-dimensional Riemannian manifold 
with conical singularities as in Definition \3.S\ Let k,l lE N, p,q E [1,cxd), and 
let 7, 5 G M". Then the following hold. 

(i) If^<^ + !^and'r> S, then the inclusion ofWj;'P{M') into Wg'''{M') 

is compact. 
(ii) Ifk-^>landj>d, then the inclusion ofW:^'P{M') into C^(A/') is 
compact. 

3.2 Operators of Laplace type on compact Riemannian 
manifolds with conical singularities 

Before we can discuss the Fredholm theory for the Laplace operator, or more 
general for operators of Laplace type, on compact Riemannian manifolds with 
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conical singularities, we need to study homogeneous harmonic functions on Rie- 
mannian cones. 

Let (S, h) be a compact and connected (rn — l)-dimcnsional Riemannian 
manifold, m > 1, and let {C,g) be the Riemannian cone over (S,/i) as in 
Definition 13.11 A function u : C" ^' R is said to be homogeneous of order a, if 
there exists a function (/? : S —^ R, such that u{a,r) = r°'ip{(T) for (cr, r) G C". 
A straightforward computation shows that the Laplace operator on C" is given 
by AgU = d^u + {m — l)r~^drU + r^^A^w, and the following lemma is easily 
verified. 

Lemma 3.6. A homogeneous function u{a, r) ~ r°'ip{a) of order a G R on C" 
with if G C°°(I]) is harmonic if and only if A^^p = —a{a + m — 2)(y9. 

Define 

Vj: = {a G K : —a{a + to — 2) is an eigenvalue of A;,}. 

Then 2?s is a discrete subset of R with no other accumulation points than ±oo. 
Moreover Ds n (2 — m, 0) = 0, since A^, is non-positive, and finally from Lemma 
13.61 it follows that X'e is the set of all a G R for which there exists a nonzero 
homogeneous harmonic function of order a on C". Define a function 

TOs : R — > N, TOs(a) = dimker(A,i + a{a + m- 2)). 

Then m-s{a) is the multiplicity of the eigenvalue ^a{a + m — 2). Note that 
"T-s (ck) ^ if and only if a ^ Vj: . Finally we define a function Ms : R — > Z by 

M^{6) = - Y^ TOs(a) if (5 < 0, Mj:{5) = ^ m^{a) if 5 > 0. 
aeVsn{Sfi) aex>i;n[o,i5) 

Then Afs is a monotone increasing function that is discontinuous exactly on 
2?s- As 2?E n (2 - TO, 0) = 0, we see that Ms = on (2 - to, 0). The set 2?e and 
the function Ms play an important role in the Fredholm theory for operators of 
Laplace type on compact Riemannian manifolds with conical singularities, see 
Theorem 13.81 below. 

We now begin our review of the Fredholm theory for operators of Laplace 
type on compact Riemannian manifolds with conical singularities. From now on 
(M, g) will denote a compact m-dimcnsional Riemannian manifold with conical 
singularities as in Definition 13.21 and p will be a radius function on M'. Oper- 
ators of Laplace type are simply second order differential operators that are in 
leading order the Laplace operator. Before we give a precise definition of these 
operators let us have a closer look at what it means that a differential operator 
is the Laplace operator to leading order. For that consider the differential op- 
erator D defined by Du = Agii + g{X, Vu) + b ■ u, where X is a vector field on 
Af and b,u are functions on M' . Let us assume that for some S G R" we have 
|V^X| = 0(/-i-J) as p ^ for j G N and fe G C^^L^iM'). If u G C^iM'), 
then 

Du = Agu + g{X, Vu) + b-u^ 0{p^-'^) + 0{p^+'-'-'^) 

Therefore, in general, the term AgU dominates the lower order term g{X, Vm) + 
h ■ u near the singularity if and only if 5 > 0. 
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Definition 3.7. Let D be a linear second order differential operator on M' . 
Then D is said to be a differential operator of Laplace type if there exist S £ R" 
with S >0, a vector field X on M' with |V^X| = 0{p^-^-^) as p ^ Q for j e N, 
and a function b 6 C'g'_2{M'), such that 

Du = AgU + g{X,Vu) + b-u for u e C°°{M'). (6) 

Let Z? be a differential operator of Laplace type as in ([6]) and define a first 
order differential operator K by Ku ~ g{X, Vu) + b ■ u. Then it easily follows 
from tlie Rellich-Kondrakov Theorem for weighted Sobolev spaces, Theorem 
[231 that K is a. compact operator W^'P(M') ->■ W:^'l2'^(M') for each /t e N 
with fc > 2, p G (1, oo), and 7 G M". Therefore operators of Laplace type, when 
mapping between weighted Sobolev spaces, differ from the Laplace operator 
only by a compact perturbation term. In particular it follows that the Laplace 
operator and operators of Laplace type essentially have the same Fredholm 
theory. 

The next theorem is the main Fredholm theorem for operators of Laplace 
type on compact Riemannian manifolds with conical singularities, which can be 
easily deduced from the corresponding results for the Laplace operator discussed 
in [5] for instance. 

Theorem 3.8. Let (M,g) be a compact m-dimensional Riemannian manifold 
with conical singularities as in Definition \3 .'A m > 3, and 7 G M" and D an 
operator of Laplace type. Let fc G N with k>2 and p G (l,oo). Then 

D : W^'P{M') ^ Wi^Zl'^iM') (7) 

is a Fredholm operator if and only if 7^ ^ 'T>Y.i for i ~ I, . . . ,n. If ji ^ 2?s. for 
i ^ 1, . . . ,n, then the Fredholm index of (O is equal to — X]i=i -^^S; (7i)- 

For our later study of linear parabolic equations on compact Riemannian 
manifolds with conical singularities we need to introduce some more notation. 
Denote by (E, h) as above a compact and connected {m — l)-dimensional Rie- 
mannian manifold, m > 1, and let (C, g) the Riemannian cone over (S, h). Then 
we define 

fs = ^E U {^ G K : ^ = Q + 2fc for a G 2?s, fc e N with a > and fc > 1} 

and a function n^ : R — > N by 

ns W) = ms (/3) + Y. "is (/? - 2fc) . 

A:>1, 2k<l3 

Clearly if /3 ^ fs , then ns (/3) =0. Also note that if /3 < 2,thcnn^{l3) = ms(/3). 
Moreover, if /3 G £s, then n^{(3) counts the multiplicity of the eigenvalues 

-/3(/3 + m- 2), -{13 - 2){{I3 - 2) + m - 2), . . . , -(/3 - 2fc)((/3 - 2k) + m - 2) 
for 2fc < f3. Finally we define a function N^ : M — > N by 

^sW = - Y. "s(/3) if (5 < 0, N^{S) - Y "s(/3) if 5 > 0. (8) 
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Then N^{S) = Ms ((5) for 5 < 2 and 

Ms{S) ^ Nt^{6) - Nt^{S - 2) for (5 e M with ^ > 2. (9) 

The set Ss and the function N^: play a similar role in the study of the heat 
equation on compact Riemannian manifolds with conical singularities as V^ 
and Ms do in the study of the Laplace operator, see Theorem 13.111 below. 

3.3 Discrete asymptotics for operators of Laplace type 

In this subsection we will introduce the notion of discrete asymptotics. It turns 
out that discrete asymptotics, as we will later see, are the reason why the conical 
singularities in the generalized Lagrangian mean curvature flow move around in 
the ambient space. From an analytical point of view discrete asymptotics are 
important because they enter into the study of the inhomogeneous heat equation 
on compact Riemannian manifolds with conical singularities. In fact it turns out 
to be necessary to introduce weighted Sobolev spaces with discrete asymptotics 
in order to prove maximal regularity of solutions to the inhomogeneous heat 
equation, see ^3.41 below. 

We begin with the construction of the model space for the discrete asymp- 
totics. Let (S, h) be a compact and connected {m— l)-dimensional Riemannian 
manifold, m> I, and let {C,g) be the Riemannian cone over (S, h). For 7 G M 
we denote 

H^(C') = span{u = r'^ip : < a < 7, if ^ C°°(I]), u is harmonic} , 

which is the space of homogeneous harmonic functions of order a with < 
a < 7. Then dim i/-y(C") = Ms (7) for 7 > 2 — m, so H^{C') is at least one 
dimensional for 7 > 0. We define a finite dimensional vector space Vp (C) by 

Vp^ (C") ^ span {v = r'^^'u : fc e N, u = r"(^ G H^{C') and a + 2A: < 7} . 

Note that the Laplace operator on C" maps Vp^ (C) — > Vp^_2 (C) for every 7 e M 
and is a nilpotent map Vp^ (C) -> Vr^ (C). Also note that dim Vp^ (C) = A^s(7) 
for 7 > 2-TO and that Vr^ (C) = H^{C') for 7 < 2. The space Vp^ (C) serves as 
the model space in the definition of discrete asymptotics on general Riemannian 
manifolds with conical singularities. 

The definition of discrete asymptotics on compact Riemannian manifolds 
with conical singularities is based on the following proposition, which can be 
found in Prop. 6.14]. 

Proposition 3.9. Let {M,g) he a compact m-dimensional Riemannian man- 
ifold with conical singularities as in Definition \3.2l m > 3, D an operator of 
Laplace type, and 7 € R" . Then for every e > there exists a linear map 

n 
i=l 

such that the following hold. 
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(i) For every v E ®"^i Vp . (CQ with v ~ {vi, . . . , w„) and Vi = r^^Lpi where 
LPi G C°°{Yji) for i = 1, . . . , n we have that 



*(*:^(«)) - Vi)\ = o(r'''-2-"+'''-'=) as r -^ for fc G N 

and i = 1, . . . , ri. 
(ii) For every v G ®i=i Vp . (C-) ™i/i u ~ (ui, . . . , v„) w;e have that 

n 
i=0 

Using Proposition 13.91 we can now define weighted C'^-spaces and Sobolev 
spaces with discrete asymptotics on compact Riemannian manifolds with con- 
ical singularities as follows. If {M, g) is a compact 77i-dimensional Riemannian 
manifold with conical singularities, m > 3, then for fc G N, p G [l,oo), and 
7 G M" wc define 

C^,pr, [M') = Cl;{M') ® im ^^ and W^;^^ {M') = W^^p(M') © im *:^. 

Then C^ p (A/') and VF'p {M') are both Banach spaces, where the norm on 
the discrete asymptotics part is some finite dimensional norm. Note that the 
discrete asymptotics are trivial if 7 < 0, so that in this case the weighted spaces 
with discrete asymptotics are simply weighted spaces. 

Using Theorem 13.81 dimVp (C) = N-s:{'-f), where N-^ is defined in ([8|), and 
equation ^ one can now prove the following result. 

Proposition 3.10. Let {M,g) be a compact m-dimensional Riemannian man- 
ifold with conical singularities as in Definition \3.2l m > 3, and D an operator 
of Laplace type. Let fc G N with k > 2, p £ (1, 00), and 7 G K" with 7 > 2 — ttj 
and 7i ^ £^. for i — 1, . . . ,n. Then 

D:w!;%^{M')^w!;-l;^ (M') 

is a Fredholm operator with index zero. In particular, if b = and 7 > 0, then 

D:{ue <;^.(A/') : /^,, ^. = o} ^ {,. G Wl^Zl^^jM') : /^,, u = o} 
is an isomorphism. 

3.4 Weighted parabolic Sobolev spaces and linear parabolic 
equations of Laplace type 

We now consider the following Cauchy problem 

dtu{t, x) = Du{t, x) + f{t, x) for {t, x) G (0, T) x M', 
u{0,x)=0 ioTxeM', ^ ' 

where / : (0, T) x M' ^> R is a given function, (M , g) is a compact Riemannian 
manifold with conical singularities, T > 0, and D is an operator of Laplace type. 
In order to state the main result about the existence and regularity of so- 
lutions to ([TU|) correctly we first need to introduce weighted parabolic Sobolev 
spaces with discrete asymptotics. 
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We begin with the definition of Sobolev spaces of maps u : / — > X, where 
/ C M is an open and bounded interval and X is a Banach space. Let fc G N 
and p S [l,cx)). For a fc-times weakly differentiable map u : I ^ X we define 
the W'^P-norm by 

i/p 

whenever it is finite. We denote by Wi^^{I;X) the space of fc-times weakly 
differentiable maps u : I -^ X with locally finite VF'^'P-norm, and we define 

W''-PiI;X) = [ue W,lfiI;X) : \\u\\yy.., < 00} . 

Then W'''P{I;X) is a Banach space. If fc = 0, then we write L^^^{I;X) and 
LP{I;X) instead of W°^^{I;X) and W°^p{I;X), respectively. 

We can now define weighted parabolic Sobolev spaces as follows. Let k,l gN 
with 2k < I, p & [1,00), and 7 G M". The weighted parabolic Sobolev space 
p^_fcJ,p(j X M') is given by 

fc 

Then VF^'''^(/ x M') is a Banach space. Moreover, if m > 3, then we define the 
weighted parabolic Sobolev space W 'po {I x M') with discrete asymptotics by 

k 

<:p|(/ X M') = fl W^'P{I;W'^-J^'Pp„ ^ (M')). 
j=o '' '■' 

Clearly W 'poil x A/') is a Banach space. 

In order to understand these rather complicated looking spaces let us con- 
sider the special case where fc = 1, / = 2, and 7 > 2 and let us see how a 
function u G W 'p'Sil x M') behaves under the action of the heat operator. 
Loosely speaking the function u is of the following form 

u{t, •) = 0{p^) + discrete asymptotics of rate < 7 

for each t € I. When we apply the operator D to the function u then, from 
the definition of the space W^'lt{I x M'), it follows that Du € W"'°f^o (I x 

M'). So by differentiating u in the spatial direction using L we lose two spatial 
derivatives, and therefore two rates of decay, and one time derivative. For 
parabolic Sobolev spaces it is natural that two spatial derivatives compare to 
one time derivative, so when we take two spatial derivatives we also lose one 
time derivative. This, first of all, explains why Du <E W '_'I'aD (I x M'). Now, 

when studying the Cauchy problem (jlOp . Du should have the same regularity 
as dtu, and, as we can see from the definition of W 'pn{I x M'), we have in 

fact that dtu G W 'iF^d (I x M'). Thus when we take one time derivative of 

T ■^■'^■y-2 
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u, then we lose two spatial derivatives (as usual for parabolic equations), and 
therefore we also lose two rates of decay. Therefore, loosely speaking, we have 
that 

dtu{t, •), Du{t, •) — 0{p~'^'') + discrete asymptotics of rate < 7 — 2 

for t £ I. In particular wc expect that if the function / that we are given in 
the Cauchy problem (fTOll lies in W '' iF^d U x ]^J'), then the solution u to the 

Cauchy problem HUD, if it exists, should lie in W^'pE{I x M'). 

The following theorem is the main result about the existence and regularity 
of solutions to HI 



Theorem 3.11. Let {M,g) be a compact m-dimensional Riemannian manifold 
with conical singularities as in Definition \3.2\ to > 3. Let T > 0, k £ N with k > 
2, p S (1, 00), and 7 € M" with 7 > 2 — tti and 7^ ^ £■£. for i — 1, . . . ,n. Given 
f e W°'':~l'S ((0,r) X M'), then there exists a unique u G W^'p'S{{0,T) x M') 
solving the Cauchy problem ()10[). 

The proof of Theorem 13. Ill can be found in [31 Thm. 4.8] for the case D = Ag. 
We shortly explain why Thcorcm l3 . Ill continues to hold for general operators 
of Laplace type. The proof of Theorcm l3.11l consists of three steps. The first step 
is to construct a fundamental solution, i.e. a function H G C°° ((0, cxd) x M' x A/') 
that solves the Cauchy problem 

f)J-f 

— it,x,y) = D,H{t,x,y) for (i, .t, y) G (0, T) x M' x il/', 

H{0,x,y)^S^iy) for x e M' . 

This was done by Mooers in [14] for the case D — Ag. Let Hq be the solution to 
PT|) in the case where D = Ag, i.e. Hq is the heat kernel. Let Z? be a differential 
operator of Laplace type. Since Ag is the leading order term of D, Hq is already 
a good approximation for a solution of PTj) . Therefore Hq satisfies 

BH 

-^it,x,y) = D,Ha{t,x,y)+Roit,x,y) for {t,x,y) G (0,T) x M' x M' , 

Ho{0,x,y)^5^iy) ioi x e M' , 

where the error term Rq G C°°((0, 00) x M' x M') is in some sense a lower order 
term. Now one can follow the construction given by Mooers and construct a 
function Hi G C°°((0, 00) x M' x M') which solves away the error term Rq. 
Then by defining H = Hq + Hi , one obtains a solution to ([TTjl and the leading 
order term of H is Hq . The second step in the proof of Theorem 13.111 is to 
show that the fundamental solution H satisfies certain estimates. In fact, these 
estimates are an immediate consequence of the way the fundamental solution is 
constructed. The third step is now completely analogous to the special case of 
the heat equation. Once the correct estimates for the fundamental solution are 
known, one can write down the solution of the Cauchy problem (jlOp explicitly 
as a convolution integral of H with / and then study the regularity of this 
convolution integral as in [3J Thm. 4.8]. 
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4 Lagrangian submanifolds with isolated conical 
singularities 

4.1 Special Lagrangian cones 

In this subsection we define speeial Lagrangian cones in C" and introduce the 
notion of stable special Lagrangian cones. More about special Lagrangian cones 
can be found in Joyce [8j §8] and in Ohnita [T7] . 

We begin with the definition of special Lagrangian cones in C™. 

Definition 4.1. Let is ^ S — >■ S'^™'~^ be a compact and connected {m — 1)- 
dimensional submanifold of the (2rn~l)- dimensional unit sphere 5^"'^-'^ in R^"'. 
We identify S with its image iE(S) C 5^™~^. Define 6 : S x [0, oo) — )• C"^ by 
i{a,r) = ra. Denote C = (S x (0,cx))) U {0}, C" = E x (0, oo) and identify C 
and C with their images l{C) and l{C') under l in C™. Then C is a special La- 
grangian cone with phase e*^, if i restricted to J^x (0, oo) is a special Lagrangian 
submanifold of C™ with phase e^^ in the sense of Definition \2.9[ 

Let C be a special Lagrangian cone in C™. In ij3.3l we discussed homoge- 
neous harmonic functions on Riemannian cones. On a special Lagrangian cone 
there is a special class of homogeneous harmonic functions, namely those in- 
duced by the moment maps of the automorphism group of (C™, J', w', il'). The 
automorphism group of (C™, (-o',g') is the Lie group U{m) x C"', where C™ acts 
by translations, and the automorphism group of (C™, w', g' , Q.') is the Lie group 
SU{m) X C™. The Lie algebra \x{m) of U{m) is the space of skew-adjoint com- 
plex linear transformations, and the Lie algebra 5\x(m) of SU{m) is the space of 
the trace-free, skew-adjoint complex linear transformations. Note in particular 
that u(m) = su(m) © u(l). 

Let X = {A,v) e u(to) ® C™, with A = (0^)4^=1,...,™ and v = (wi)i=i,...,m- 
Then X acts as a vector field on C™. Since U{m) x C™ preserves oj', X j w' 
is a closed one-form on C™ and there exists a unique function ^x ■ C™ -^ M, 
such that dfix = X _i uj' and nx{0) = 0. Indeed, if X = (A, v) G u(m) © C"", 
then /xx is given by 



MX = ■;r ^ ajjZi^j + ^ ^(wj^i - Wi^i)- 



Moreover, since a^ = —aji for i, j = 1, . . . , n, we see that fix is a real quadratic 
polynomial. We call fix a moment map for X. For X = {A, v, c) £ u(m)®C'"©M 
we define /ijf : C™ — >■ R by requiring that 

dfix = X _s to' and a*a'(0) = c. 

A proof of the following proposition is given in Joyce |10l Prop. 3.5]. 

Proposition 4.2. Let C be a special Lagrangian cone in C™ as in Definition 
\4-l\ and let G be the maximal Lie subgroup of SU(rn) that preserves C . Then 
the following hold. 

(i) Let X G su(77i). Then l*{ijlx) is a homogeneous harmonic function of order 
two on C . Consequently the space of homogeneous harmonic functions of 
order two on C is at least of dimension m? — 1 — dim G. 
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(ii) Let X G C". Then L*{fix) is a homogeneous harmonic function of order 
one on C . Consequently the space of homogeneous harmonic functions of 
order one on C is at least of dimension 2m. 

Also note that if C is a special Lagrangian cone in C™ and X G u(l), then 
i'*itix) = cr'^ for some c G ffi. 

Using Proposition 14.21 we can define the stability index of a special La- 
grangian cone in C™ and the notion of stable special Lagrangian cones as intro- 
duced by Joyce in [TUJ Def. 3.6]. 



Definition 4.3. Let C be a special Lagrangian cone in C" as in Definition \4.1\ 
and let G be the maximal Lie subgroup of SU{m) that preserves C . Then the 
stability index of C is the integer 

s-index(C) = A/s(2) -m'^ ~2m + dimG, 



where M-^ is defined as in H3.3[ From Proposition ^.'^ it follows that the stability 
index of a special Lagrangian cone is a non-negative integer. We say that a 
special Lagrangian cone C in C™ is stable j/s-index(C) = 0. 

Note that if C is a stable special Lagrangian cone as in Definition 14. 1[ then the 
only homogeneous harmonic functions on C with rate a, where < a < 2, are 
those induced by the SU{m) k C™-moment maps. In particular, when 7 > 2 is 
sufficiently small, then Vp (C) is spanned by the SU{m) k C™-moment maps 
and the functions r^ and 1. 

Examples of special Lagrangian cones can be found in Joyce [H §8.3.2]. 
Examples of stable special Lagrangian cones, however, are hard to find and 
there are only a few examples known. The simplest example of a stable special 
Lagrangian cone is the Riemannian cone in C'^ over T^ with its standard metric. 
In this case C is given by 

C={(re*'*^re*'*^re'('^l-'^=^)) : r G [0, 00), <?!)i, <?!)2 G [0, 27r)} C C^ 

together with the Riemannian metric induced by the Euclidean metric on C'^. 
Some other examples of stable special Lagrangian cones can be found in Ohnita 

m- 

4.2 Lagrangian submanifolds with isolated conical singu- 
larities 

In this subsection we define Lagrangian submanifolds with isolated conical sin- 
gularities in almost Calabi-Yau manifolds. Before we define Lagrangian sub- 
manifolds with isolated conical singularities, we have to introduce the notion of 
manifolds with ends. 

Definition 4.4. Let L be an open and connected m-dimensional manifold with 
m > 1. Assume that we are given a compact m-dimensional submanifold K (Z L 
with boundary, such that L\K has a finite number of pairwise disjoint, open, and 
connected components 5*1 , . . . , 5„ . Then L is a manifold with ends Si, . . . , Sn 
if the following holds. There exist compact and connected {m — 1) -dimensional 
manifolds Ei, . . . , S„, a constant R > 0, and dijfeomorphisms (j)i : S^ x (0, R) — >■ 
Si for i ~ 1, . . . ,n. We say that Si, . . . , Sn are the ends of L and that S^ is the 
link of Si. Note that the boundary of K is diffeomorphic to \_\i^i S^. 
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Next we define Lagrangian submanifolds with isolated conical singularities 
following Joyce [SI Def. 3.6]. 

Definition 4.5. Let (M, J, w, J7) he an m- dimensional almost Calahi-Yau m,an- 
ifold and define -0 £ C°°{M) as in ^. Let xi, . . . ,x„ G M be distinct points 
in M, Ci,...,C„ special Lagrangian cones in C™ as in Definition \4-l\ with 
emheddings ij : Sj x (0, oo) —5- C" for i ~ l,...,ri, and finally let L he an 
m-dimensional manifold with ends as in Definition \4-4\ Then a Lagrangian 
submanifold F : L ^f M is a Lagrangian submanifold with isolated conical sin- 
gularities at xi, . . . ,Xn modelled on the special Lagrangian cones Ci, . . . , C„, if 
the following holds. 

We are given isomorphisms Ai : C™ — !■ T^^M for i = 1, . . . , 7i with A*{io) = 
Lu' and A*{n) = e^e,+m,p(x,)^, j^^ ^^^^ 0, & M. and i = l,...,n. Then hy 
Theorem \2.^ there exist R > and emheddings T^ : Bji — > M with Ti(0) = Xi, 
T*{uj) ~ Lj' , and dT.i(O) = Ai for i — l,...,ri. Making R > smaller if 
necessary we can assume that Ti{B]^), . . . , T„(i?/j) are pairwise disjoint in Ai . 
Then there should exist diffeomorphisms 0^ : S^ x (0, R) — > Si for i = 1, . . . , n, 
such that F o (pi maps E^ x (0, R) — >■ Ti{Bj^) for i = 1, . . . , n, and there should 
exist V G M" with 2 < 1/ < 3, such that 

\V^{T-'^oFo(l),-i,)\=0(r''^-^-^) asr — > /or fc £ N. (12) 

Here V and \ ■ \ are computed using the Riemannian cone metric L*{g') on E^ x 
(0, R). A Lagrangian suhmanifold F : L -^ M with isolated conical singularities 
modelled on special Lagrangian cones Ci , . . . , C„ is said to have stahle conical 
singularities, i/ Ci , . . . , C„ are stahle special Lagrangian cones in C™ . 



We have chosen 2 < i/ < 3 in Definition 14.51 for the following reason. We 
need f^ > 2 or otherwise p^ does not force the submanifold F : L — > A/ to 
approach the cone Ai(Ci) in T^^M near a^j for i = 1, . . . ,n. Moreover Vi < 3 
guarantees that the definition is independent of the choice of T^. Indeed, if we 
arc given a different embedding T.; : Bji -^ M with Ti(0) = Xi, T*(a;) = to', 
and dTi(O) = Ai, then T^ — T^ = 0{r^) on Bfi by Taylor's Theorem. Therefore, 
since i^i < 3, it follows that P^ holds with T^ replaced by T^. 

If F : L — > M is a Lagrangian submanifold with isolated conical singularities 
as in Definition 14. 5 [ then p^ implies that L U {xi, . . . ,Xn} together with the 
Riemannian metric F*{g) is a Riemannian manifold with conical singularities 
xi, . . . ,Xn in the sense of Definition 13.21 

Let F : L — >■ M be a Lagrangian submanifold with isolated conical singular- 
ities xi, . . . , x„ modelled on stable special Lagrangian cones Ci, . . . , C„, and let 
D be an operator of Laplace type on L (with respect to the induced Riemannian 
metric F*{g)). Wc now want to study how solutions of the Cauchy problem (fTU)) 
on L look like. Let fc G N with k > 2, p e (l,oo), 7 G M" with 7 > 2 and 
(2,7,] n fs, = 0, and T > 0. If / G W°'''~l'S ((0,T) x L), then by Theorem 

13.111 there exists a unique u G W 'pd((0,T) x L) solving the Cauchy problem 
([TO)l and, loosely speaking, tt(i, •) is of the form 

u{t, ■) = 0{p'^) + p + homogeneous harmonic functions with rate < 7, 

where p is a radius function on L. Since the the conical singularities are modelled 
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on stable special Lagrangian cones, we have in fact that 

u(t, ■) = 0{p^) + C/(l) — moment maps + SU{in) — moment maps 
+ C™ — moment maps + constants 

for t e (0,r). Therefore for t e (0,T) 

u(i, ■) = 0{p'^) + geometric motions of model cones + constants. 

The following proposition shows that the Maslov class of a Lagrangian sub- 
manifold with isolated conical singularities is an element of 7f^s(L,R), the first 
compactly supported de Rham cohomology group of L. We use this result, when 
we set up the short time existence problem for the Lagrangian mean curvature 
flow with isolated conical singularities. 

Proposition 4.6. Let F : L -^ M be a Lagrangian submanifold with isolated 
conical singularities as in Definition \4.5\ Then the Maslov class fip of F : L ^ 
M may be defined as an element of H^^(L,R). 

4.3 Lagrangian neighbourhood theorems 

In this section we discuss various Lagrangian neighbourhood theorems for La- 
grangian submanifolds with isolated conical singularities. Our discussion more 
or less follows Joyce [H §4]. 

We begin with a Lagrangian neighbourhood theorem for special Lagrangian 
cones in C". 

Theorem 4.7. Let l. : C ^)- C™ be a special Lagrangian cone as in Definition 
\4-l\ For a Cz T., T Cz T*'S, and g ^ R we denote by (cr, r, r, g) the point r -|- 
gdr in T^^ JT, x (0, oo)). For some sufficiently small ^ > define an open 
neighbourhood Uc of the zero section in T*{'E x (0, cxd)) by 

Uc^{{<J.r,T,g)eT*{j:x{0,^)) : \{t, g)\ < (rj . 

Then there exists a Lagrangian neighbourhood ^c '■ Uc -^ C™ for l : C ^ C™. 

Note that if i : C -^ C™ is a special Lagrangian cone and {A, v) E U{m)xC™, 
then L = {A, u) o t : C — )• C™ is a special Lagrangian cone that is obtained 
by rotating t : C — > C™ using A and translating it using v. In particular, 
when $(7 : Uc — > C'" is a Lagrangian neighbourhood for i : C ^- C™, then 
$(7 = {A, v) o ^c '■ Uc -^ C'" is a Lagrangian neighbourhood for t : C — > C". 

Next we discuss a Lagrangian neighbourhood theorem for Lagrangian sub- 
manifolds with isolated conical singularities. Let us first assume that F : L ^)- 
C" is a Lagrangian submanifold with isolated conical singularities in C" as 
in Definition 14.51 and assume additionally that near each conical singularity 
F : L ^- C™ is an exact cone, i.e. F{x) = Li{a,r) for x = (l)i{a,r) G Si 
and i = l,...,n. Then one can construct a Lagrangian neighbourhood for 
F : L ^ C™ simply by using the Lagrangian neighbourhoods given by Theorem 
14.71 near the conical singularities and a Lagrangian neighbourhood as given by 
Theorem 12.51 away from the conical singularities and glueing them appropri- 
ately together in a region away from the conical singularities. We thus have the 
following theorem. 



24 



Theorem 4.8. Let F : L ^ C™ be a Lagrangian submanifold with isolated 
conical singularities xi , . . . , a;„ and cones Ci , . . . , C„ as in Definition \4-5\ and 
assume that F{x) = Li{a,r) for x = (j)i{a,r) G St and i = l,...,n, i.e. F : 
L — > C™ is an exact cone near each singularity. Let ^Ci '■ UCi ^ C"' be a 
Lagrangian neighbourhood for t,; : Ci — >■ C™ for i ~ 1, . . . , n. Then there exists 
an open neighbourhood Ul of the zero section in T* L with ULC\T*Si = d4ii{Uci) 
for i ~ 1, . . . ,n and a Lagrangian neighbourhood $l '■ Ul ^ C™ for F : L ^ C™ 
such that $L od0j = $c, on T*{Ei x (0,i?)) for i = 1, . . . ,n. 

Now let us discuss the general case, when F : L ^ M is a. Lagrangian 
submanifold in an almost Calabi-Yau manifold with conical singularities as in 
Definition 14.51 Near each conical singularity Xi we are given Darboux coordi- 
nates Ti-. Br-)- M with T,{x^) = from Definition S^] Then T'^ o F : S^ ->■ 
Bji C C"* has a conical singularity at the origin that is modelled on the special 
Lagrangian cone ti : C^ — > C™. Let ^a '■ Ud -> C™ be a Lagrangian neigh- 
bourhood for i^■.C,^ C™ as given by Theorem mZl Since T'^ o F : Si ^ Br 
is asymptotic to Li : Ci -^ C™ with rate i^i e (2,3), it follows that the im- 
age of T,^^ o F : 5i — > Br will lie, at least near the conical singularity, in the 
set ^Ci{Uci) and that we can write T~^ o F = ^Ci ° da^ for some function 
Ui G c'°°(Si X (0,T)) with iV^a^l = Oir"^-^) as r A for j G N. Following 
the same ideas as in the discussion prior to Theorem 14.81 we then obtain the 
following Lagrangian neighbourhood theorem. 

Theorem 4.9. Let F : L -^ C" be a Lagrangian submanifold in an almost 
Calabi-Yau manifold with conical singularities zi, . . . , x„ and cones Ci, . . . , C„ 
as in Definition \4-5\ Let ^Ci '■ Ud — > C™ be a Lagrangian neighbourhood for 
Li : Ci -^ C™ for i — 1, . . . ,n. Then there exists an open neighbourhood Ul of 
the zero section in T*L with Ul CiT* Si = d(j)i{Uci) for i = 1, . . . , n, a function 
a G C^{L) with Fda C Ul, and a Lagrangian neighbourhood $l : Ul -^ M for 
F : L ^ M, such that $l o d(f)i = $c, ° da^ on T*{T,i x (0, R)) for i = I, . . . ,n, 
where ai = 0*(a) for i = 1, . . . ,n. 

So far we have only discussed Lagrangian neighbourhoods for a single La- 
grangian submanifold with isolated conical singularities, but for later purposes 
we need to extend Theorem l4.9l to families of Lagrangian submanifolds with con- 
ical singularities. In order to do this we will follow the same ideas as in Joyce [TUJ 
§5.1]. Again we fix a Lagrangian submanifold F : L ^ M with conical singu- 
larities xi, . . . , x„, model cones Ci, . . . , C„, and isomorphisms Ai : C™ — ;> T^-M 
for i = 1 , . . . , n as in Definition 14.51 We define a fibre bundle A over M by 

A = {{x, A) : .T G M, A : C™ — > T^M, 

A*{uj) = uj\ A*{n) = e»«+"'^(^)f|' for some G M}. 

Then B G U{m) acts on {x,A) G Ax by B{x,A) = {x,Ao B). This action 
of U{m) is free and transitive on the fibres of A and thus ^ is a principal 
U {m)-hund\e over M with dim .A = ni^ + 2m. 

Let Gi be the maximal Lie subgroup of SU{m) that preserves Ci for i = 
1, . . . , n. If (xi, Ai) and (x^, Ai) lie in the same G^-orbit, then they define equiv- 
alent choices for (x^, Ai) in Definition 14.51 To avoid this let Si be a small open 
ball of dimension dim .4 — dim Gi containing [xi^Ai), which is transverse to the 
orbits of Gi for i = 1, . . . , n. Then Ci ■ Si is open in A. We set S = SiX . . .x Sn, 
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denote eo = {xi,Ai,... ,a;„, A„), and we equip £ with the Riemannian metric 
induced by the Riemannian metric on M. Then £ parametrizes all nearby alter- 
native choices for {xi,Ai) in Definition 231 Note that dimf^ = TO^-|-2m — dimGi 
for i = 1, . . . , n and dimf = n(m^ + 2m) — J2"=i dimG^. 

In the next lemma we prove the existence of a specific family of symplec- 
tomorphisms of M that is parametrized by e S £" and which will allow us to 
construct a family of Lagrangian neighbourhoods for Lagrangian submanifolds 
with isolated conical singularities that arc close to F : X — s- M. 

Lemma 4.10. After making £ smaller if necessary there exists a family {\l/^}eg£ 
of smooth diffeomorphisms \1/^ : M — > M , which depends smoothly on e € £, 
such that 

(i) ^^ is the identity on M , 

(ii) '^\[ is the identity on -Af\lJ,-^-^ Ti(i3jj/2) for e G £, 
(iii) {■^l,Y[u)=u: force £, 

(iv) {^Ij o Ti)(0) == X, and d(*X/ ° "^0(0) ^ A, for i ^ I, . . . ,n and e e £ 
with e = {xi, yli, . . . , x„, An). 

Proof. It is useful to understand the proof of Lemma 14.101 as it explains how 
Lagrangian submanifolds with isolated conical singularities can be deformed. 

In order to prove Lemma [4.101 we first construct families {^^}eg£ of diffeo- 
morphisms ^^ : Bn -^ Br for i = 1, . . . , n, which depend smoothly on e 6 £ 
and satisfy 

(a) "^1° is the identity on Br for z = 1, . . . , ti, 

(b) vpf is the identity on Br\Br/2 for e e £ and i = 1, . . . , n, 

(c) {^1)*{uj') = w' for e e £ and i = 1, . . . ,7i, 

(d) (Ti o *^)(0) = Xi and d(Ti o l'^O(O) = i^ for i = 1, . . . , n and e G f with 

e = [xi,Ai,...,Xn,An). 

Let e = [xi, Ai^ . . . ,Xn, An) E £. By making £ smaller if necessary we 
can assume that Xi € Ti{Bfiu) for i — l,...,n. Denote y^ = T~ [xi) for 

i = 1, . . . , n and define Bi = {dT i\y.)^^ o Ai for i = 1, . . . , n. Since T,*(w) = 
w', B, e S'p(2m,M) and so {Bi^y-) e S'p(2m,]R) k M^™. Here 5^(2771) is the 
automorphism group of (K^'",w'). Using standard techniques from symplcctic 
geometry wc can now define families {^P.^jegg of diffeomorphisms "^l : Bji — s- Br 
for i ~ 1, ... ,71, which depend smoothly on e G i?, such that (a), (b), and (c) 
hold, and such that ^f = {Bi,yi) on Br/4^ for i = \,...,n. But then by 
definition of {Bi,yi) we see that (d) holds for 7 = 1, . . . , 77,. 

Now we define ^^^ : M -^ M to be T^ o '^f o T^i on Tj(Bfl,) for i = 
l,...,7i and the identity on M\[J"^^Ti{BR). This is clearly possible, since 
Ti{Bji), . . . , Tn{Bji) are pairwise disjoint in M. Since ^^ satisfies (a) — (d) for 
7 = 1, . . . , 77,, it follows that ^|j : M ^- M is a family of smooth diffeomorphisms 
of M, which depends smoothly on e G £ and satisfies (i) — (iv). D 

Using Lemma |4. 101 we can now state a Lagrangian neighbourhood theorem 
which gives us a family of Lagrangian neighbourhoods for Lagrangian subman- 
ifolds with isolated conical singularities that are close to F : L — ;• M. 

Theorem 4.11. Let (M, J, to, fi) be an m-dimensional almost Calahi-Yau man- 
ifold and F : L -^ M a Lagrangian submanifold with isolated conical singular- 
ities cci, . . . , a;„ and cones Ci, . . . , C„ as in Definition\4.5\ Moreover let ^Ci '■ 
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Uci -^ C™ be a Lagrangian neighbourhood for ^ : Ci — > C™ for i = 1, . . . , n 
as given by Theorem \4-7\ and let $i : Ul -^ M be a Lagrangian neighbourhood 
for F : L ^ M as given by Theorem |4.ff[ Finally let £ and bq be as above and 
choose {4'|y^}eg£ as given by Lemma \4-10\ 

Define smooth families {Tfjegg of embeddings T? : B]^ — >■ M by Tf = ^|/0 
Tj for i = 1, . . . , n, and a smooth family {$^}e£f of embeddings $^ : Ul -^ AL 
by $^ = ^^j o $^. Then {Tf}ee£ and {^^jeef depend smoothly on e G £ for 
i = 1, . . . , n, and 

(i) T^" = Ti and (T^)*(a;) = lu' , and for every e G £ wit/i e = (xi, Ai, . . . , a;„, A„ 

we /laue f/iai T^(0) = Xi, and dT^(O) = Ai, 
(ii) $^" = $L and (4>|^)*(aj) = w, and for every e G £ we have that $^ = $i 

on ^-i(i\Ur=i ^') C C/l, w/iere S', = </),(!], x (0, f )). 

Moreover $|^ o dc/)^ = T^ o $(7. o da^ on T*{Y,i x (0, -j)) /or every e E £ and 
i ~ 1, . . . , n. Finally for e G £ with e = (ii, Ai, . . . , i;„, A„), $|^ o : L — > M 
is a Lagrangian submanifold with isolated conical singularities ii, . . . ,x„ G M 
modelled on the special Lagrangian cones Ci , . . . , C„ mi/i isomorphisms Ai : 
Tx-M — >■ C™ /or i = 1, . . . , n as in Definition \4.5\ 

We need a slightly extended version of Theorem 14.111 Recall that every 
element in u(m)©C'"©R gives rise to a unique moment map as explained in M.l\ 
What we have done until now is to use the C/(m) xC^-moment maps to construct 
a family of Lagrangian neighbourhoods for the Lagrangian submanifolds with 
conical singularities that are close to F : L —> M. So what we have not taken 
into account so far is the M-part of the moment maps. In order to do this 
let us choose functions gi , . . . , g„ G C°° (L) with 5^ = 1 on S'^ and g^ = on 
M\Si for i — 1, . . . , n, where S'^ = (f^ii^i x (0, -j)) for i ~ 1, . . . , n. Moreover 
let ^1 , . . . , i^„ C R be small open neighbourhoods of the origin in M, define 
Fi — £iX Ui for i = 1, . . . , n, and denote J^ = J-"i x • • • x Fn- Then we define an 
open neighbourhood U'^ of the zero section in T*L by 

U'l = {(a;,/3) G Ul ■ ^ p+JZ'l^^ c^d^ C Ul for every aGU^] 

and we define a family {$;[^}/gjr of Lagrangian neighbourhoods ${ : t/^ — > M 
by ${ = $1 °YJ^=iCidqi, where / = (ei,ci, . . . , e„,Cn) and e = (ei,...,e„) G 
£. We denote /o = (ei,0, . . . , e„, 0), where eo = (ei,...,e„). Then ${" = 
<I>L is a Lagrangian neighbourhood for _F : L — ;• i\/ and {<I>;[^}/g_7r is a family 
of Lagrangian neighbourhoods for the Lagrangian submanifolds with isolated 
conical singularities that are close to F : L — >■ M, which depends smoothly on 

/e-F. 

5 Mean curvature flow of Lagrangian submani- 
folds with conical singularities 

5.1 Setting up the short time existence problem 

From now on we fix an almost Calabi-Yau manifold (M, J, a;,r2), we define 
ij) G C'^{M') as in ([1]), and we fix a Lagrangian submanifold Fq : L ^f M 
with isolated conical singularities xi, . . . , a;„ and model cones Ci, . . . , C„ as in 
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Definition 14.51 Later on we will also assume that the special Lagrangian cones 
Ci, . . . , C„ are stable. Moreover we define the manifold JF as in H4.3I and we 
choose a family of Lagrangian neighbourhoods {<I>}^}/gjr as given by Theorem 
14.111 and the discussion following that theorem. Then $£' : [/{^ — 5- M is a 
Lagrangian neighbourhood for Fq : L ^ M. 

The main difference between the setup of the short time existence problem 
for the generalized Lagrangian mean curvature fiow of -Fq ^ ^ ^ M to the 
one we chose in i J2.6l for a compact Lagrangian submanifold is that we have 
to take into account that the parameter / G J^ will change during the flow. In 
particular, when we try to find an integrated form for the generalized Lagrangian 
mean curvature flow, we expect to find an equation that not only involves the 
potential function u, which is a function on L with a reasonable decay rate near 
each singularities, as in ij2.6l but that also involves the parameter f G T, which 
describes the motion of the conical singularities. 

In order to find the integrated form for the generalized Lagrangian mean 
curvature flow of Fq : L — > M, we first need to study the deformation vector field 
of the family {${}/e^. Let /x e R" with /x > 2 and u S C^iL) with T^u C U'^. 
Then for every f (£ J^, ^j^ o du : i — ;■ i\/ is a Lagrangian submanifold with 
conical singularities modelled on Ci, . . . , C„. Let v £ TF. If we differentiate 
i'^^ o du with respect to / in direction of w, then we obtain a section dy (${^ o du) 
of the vector bundle (4>{odu)*(TM) over L. Now recall how ${ : t/^ ^- M was 
constructed. We started with a fixed Lagrangian neighbourhood '^^ -.U'j^^-M 
for Fq : L ^> M and then we obtained Lagrangian neighbourhoods for the nearby 
Lagrangian submanifolds with isolated conical singularities by applying U{m)- 
rotations and C™-translations near the conical singularities. When we studied 
deformations of special Lagrangian cones in C™ in i i4.11 we introduced the idea of 
moment maps, which are the Hamiltonian potentials of the u(m)©C™©R-vector 
fields on C". Now in our situation, dy{^j^ o du) corresponds, in an asymptotic 
sense at least, to one of these vector fields, and therefore 9„($^ o du) should 
have a Hamiltonian potential that is asymptotic to a moment map. In fact we 
have the following important proposition which can be found in [2 §9-l]- 

Proposition 5.1. Let fi e M" with fi > 2, f e T, and v G f*{TF). Then 
there exists a smooth vector field Xfiv) on M that depends linearly on v and 
satisfies 

(${ o du)*{Xf{v)) = a„(${ o du) 

for every u G C?^{L) with Fdu C U'l^. Moreover there exists Hf{v) G C°°{M) 
that depends linearly on v G f*[TT) such that d[Hf{v)\ = Xf{v) j w. 

Finally, if fi G M" with 2 < fi < v and u G C°^{L) with T^u C U'j^ we define 

S(„,;) : f*{TT) -^ C^iM), E^^j)iv) = (${ o du)*(i//(t;)). 
Then 

d[S(„j)(i))] - (${ o durid,i<^i o du) J w), 

and S(,jj-\(u) is asymptotic to a moment map in the following sense. 

Let f = (ei, ci, . . . , e„, c„) G T with ei = (xi^Ai) for i = 1, . . . , n, denote 
fi = {xi, Ai, a) for i = 1,. . . ,n, and let v = (wi, . . . , w„) G Tf^Ti © • ■ • © Tf^Fn- 
Then the following holds. 
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(i) If Vi £ T^Axi, then there exists a unique Xi £ u{m) © R, such that 

for j e N. 
(ii) If Vi G Tx-M, then there exists a unique Xi G C™ ® R, such that 

|V^(0:(S(,,;)(«)) - i*{t^x,))\ = 0{r^'-'~^) asr^O 

for j G N. 

Using Proposition 15.11 we are now ready to integrate the generalized La- 
grangian mean curvature flow for Fq : L ~¥ M . By Proposition 14.61 we can 
choose a closed one-form /Sq that represents the Maslov class of Fg : L ^ M 
and that is supported on K. Then, in particular, (3q is zero near each conical 
singularity. Let T > be small and define a one-parameter family {/3(0}te(o,T) 
of closed one-forms by /3(i) = i/3o for t G (0,T). Then {/?(i)}tG(o,T) extends 
continuously to i = with /3(0) = 0. Finally we choose & as in ij2.6l and then 
we define an operator P as follows. The domain of the operator P is given by 

V^{{u,f) : ueC°^{{0,T)xL),feC°°{{0,Ty,T), 

u and / extend continuously to t = 0, Ydu{t.-)+[j{t) C U'j^ for t G (0,T)} 

and we define P -.V — > C°°((0, T) x L) by 

P{u, I) = Yt' ®^*^ ° ^'^^ + ^)) " "(-^' (f 

We now consider the following Cauchy problem 

P(u,/)(t,a;) = for (t,2;) G (0,r) xL, 

M(0,a:) = forxGL, (13) 

/(O) = ./o 

and we show that this is in fact an integrated version of the generalized La- 
grangian mean curvature fiow of _Fo : i — > AI . 

Proposition 5.2. Let {u, f) G T> be a solution of the Cauchy problem (J13p and 
define 

F{t,-):L^M, F(t,.) = $f^odu(i,-). 

Then {F{t, ■)}tg(o,T) is a one-parameter family of Lagrangian submanifolds with 
isolated conical singularities that evolves by generalized Lagrangian mean cur- 
vature flow with initial condition Fq : L ^^ M . 

Proof. It is clear that F{Q,x) = ^0(2;) for x £ L. In order to show that 
{-F(i, •)}jg(o.T) evolves by generalized Lagrangian mean curvature flow it suf- 
fices to show that aaF_ = an- Let us assume for simplicity that ■0 = 0, i.e. M 
is Calabi-Yau, and that Fo : L ^ M has zero Maslov class. Then /3 = and 
Q = 9. Using Lemma [2. Ill we find that 

^F{t, •) = dM. (*{ o du) - a-^didtu]) + V{d[dtu]). 
at dt 
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Using that P(u, f) = 0, the Lagrangian property, and the definition of a from 
@ it follows that 

a^ = F*(5m (${ o du) ^ Lo) - A[e{F)] - E^.^j^ (^^ 

Now recalling the definition of 5(„j)(-g|-) from Proposition 15.11 we conclude 
that aaF = -d[e{F)]. But ax = -d[e{F)] by Proposition [1^ and therefore 
aoF ^ ax as we wanted to show. D 

at 

As in the short time existence problem for the generalized Lagrangian mean 
curvature flow when the initial Lagrangian submanifold is compact, we are now 
left with studying existence and regularity of solutions to the Cauchy problem 
(|13|) . In the next sections we will discuss how short time existence of solutions 
with low regularity to the Cauchy problem (|13|) is proved and we will also discuss 
the regularity of these solutions in spatial and time direction. 

5.2 Smoothness of the operator P as a map between Ba- 
nach manifolds 

In this section we show how the operator P : V ^r C°°{{0,T) x L) can be 
extended to a smooth operator between certain Banach manifolds. Once this 
has been done wc can use linearization techniques to prove short time existence 
of solution with low regularity to the Cauchy problem p3l) . From now on we 
will assume for simplicity that M is Calabi-Yau and that Fq : L ^ M has zero 
Maslov class. Then ■(/' = 0, /3 = 0, and 9 = 6'. 

Wc first extend the domain of the operator P. The manifold F embeds into 
W for some sufficiently large s e N. Let p S (l,cx)) and / G W^-'p{{Q,T)-W). 
Then / : (0, T) — ?> J^ is continuous by the Sobolev Embedding Theorem and 
the condition f{t) E T makes sense for every t G (0,T). We define the Banach 
manifold W^-'P{{0,T);T) by 

W^'P{{0,T);T) = {f eW^'P(iQ,T);W) : /(t) G -F for t G (0, T)} . 

Now let A: G N, p G (1, oo) with k - — > 2, and fi e M" with 2 < fi< v. For 
T > we define 

V^^P = {{uj) : u G W'^^''^P{{0,T) XL), fe W'^p{{0,T);T), 

such that rd„(t..) C U'l^ for i G (0,r)}. 

Let {u,f) G V^P- Since fc - — > 2, it follows from the Sobolev Embedding 
Theorem that $^ o du{t, ■) : L ^ M is a Lagrangian submanifold for almost 
every t G (0,T). In particular 8{^i} o du{t, ■)) is well defined for almost every 
t G (0,T) and therefore P acts on V'^p. 

In order to define the target space for P acting on V^p we define for /c G N, 

p G (1, oo), and 7 G M" with 7 > a weighted parabohc Sobolev space W q(L) 
with discrete asymptotics by 

W!;%{L) = W!;'P © span{gi, . . . , g„}. 
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where the functions gi , . . . , g„ are defined as in the end of tj4.3l Further we 
define the weighted parabohc Sobolev space W^„'_'^q^((0,T) x L) with discrete 
asymptotics by 

<'-2:q'"((0, T)xL)= iP((0, T); <:^;^(L)) 

and we then have the following result. 

Proposition 5.3. Let /j, e R" with 2 < fi < v. Then, for fc G N andp G (1, oo) 
sufficiently large, the operator 

P:P^'''^M^°^--^^^((0,T)xL) (14) 

is a smooth operator between Banach manifolds. 



The proof of Proposition 15. 31 is more or less straightforward but rather long 
and technically complicated. The main step in the proof is to show that the 
operator P in p^ is well defined, and the difficult part is here to show that the 
6'-term lies in the correct space. In fact, it is not hard to see that 



. -K/)(f)e<-\Q"((0.^)xi) 



du „ fdf 

'di 



for (u, /) G T^'^^ and sufficiently large fc G N and p G (l,oo). Thus it only 
remains to show that 

0(${od«)GTy°'_\|'^((O,T)xL). (15) 

Let us define a function F that maps 

F:{if,x,y,z) : f e F, x e L, yeT*Lr\Ul z (i ®^T*^L] ^W. 

by F(/, X, Au{x), Vdw(x)) = ^('I'i ° du){x). Then i^ is a smooth and nonlinear 
function on its domain, since $7, g, and $}^ are smooth and '^y, depends smoothly 
on f € F. Furthermore we define a function Q on the domain of F by 

Qif, X, y, z) = F{f, X, y, z) - F{fo, x, 0, 0) 

- idyF){fo,x,0,0) ■ y - {d,F){fo,x,0,0) ■ z. 

Since F is smooth, Q is also a smooth and nonlinear function on its domain. 

The main step in the proof of (|15p is to show the following lemma, which 
can be found either in Joyce [TUl Prop. 6.3] or in the author's thesis [H Lem. 
9.8]. 

Lemma 5.4. For {u, /) G 2?^'^ we have that 

F{f, ; du, Vdu) = F(/o, •, 0, 0) + A,. - d[0iFo)]iV{du)) + Q{f, ■,du, Vdu). 

Moreover, for a,b,c > and small p^^{x)\y\, \z\, and d{f,fo) the function Q 
satisfies 

{V^r{dy)\d.rQ{f,x,y,z)^ 
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uniformly for x £ L. Here d{f, fa) denotes the distance of f to /o in T . 

Moreover the function F{fQ, •, 0, 0) on L admits an expansion of the form 

0*(^(/o, ■, 0, 0)) = e, + Aa, + i?,(-, da„ VdaO (16) 

for i = 1, . . . , n. Here 9i is the Lagrangian angle of the special Lagrangian cone 
Ci and, for a,b,c> and small ^"^lyl and \z\, the error term Ri satisfies 

{y.T{dy)\d.rR,{a,r,y,z)^ 

Q ( ^-a-max{2,6}| |max{0,2-6} , ^-a |^|max{0,2-c} _|_ ^l~a~b\ 

uniformly for x = {a, r) G S^ x (0, R). 

Now, in order to show that psp holds, we can expand the function F as in 
Lemma 15.41 and show that each of the terms in the expansion hes in the space 
W°:^'^QP((0,r) X L). It is clear that Au lies in H/°'^^q'P((0,T) x L). Moreover, 
once fc S N and p G (1, oo) are chosen sufhciently large one can use the estimates 
for the function Q from the lemma, interpolation results for weighted parabolic 
Sobolcv spaces, and the Sobolev Embedding Theorem to show that in fact 
Q(/, •,dw, Vdw) G W°'^^Q'^((0,r) X L). Thus we are only left with showing 

that i^(/o,-,0,0) and d[e{Fa)]{V{du)) both lie in 1^°-:!'^q^((0,T) x L). Using 
the expansion of F(/o, ■, 0, 0) in (fTB|l . the fact that a G C^{L), and the estimates 
for Ri one can show with the same methods as before that in fact F{fo, •, 0, 0) G 
W°'^~^''{{0,T) X L). In a similar way it then follows that d[e{Fo)]iV{du)) lies 

in the space W '^2Q^{{^i ^) ^ ^) ^-nd therefore that (fT5|) holds. This shows that 
P in (fT4)) is well defined and then, using the smoothness of the function Q and 
the Mean Value Theorem [11] XIII, §4], it is straightforward to show that the 
operator P in P^ is in fact smooth. The detailed proof of Proposition 15.31 can 
be found in the author's thesis [H §9.3]. 

5.3 Short time existence of the flow with low regularity 

Before we show how to prove short time existence of solutions with low regu- 
larity to the Cauchy problem (fT3)) . we need to discuss the operator P and its 
linearization in more detail. 

Let (u, /) G T>'y^P. Then t M- S(„(( .•) jj-j)) is a section of the vector bundle 
f*(Hom{TT,Cl^^{L))) over the manifold (0,r). Define 

yp,„ ,, (L) ^ im {S(„,/) : f*{TT) -^ CUL)} ■ 

Then Vp, ,, (L) is a finite dimensional vector bundle over (0, T) with fibres of 
dimension dim J^. Also note that if u is smooth, then each fibre of Vp, ^ ,, (L) 
consists of smooth functions on L. Since 5(„j)(i') is asymptotic to a moment 
map for each v G f*{TF) by Proposition 15.11 it follows that for every (w, /) G 
I'Jj'P, Vp. ,AL) has trivial intersection with LP{L) in each fibre over (0,T). 
Hence we can define 

Then W '?, (L) is a Banach bundle over the Banach manifold V'^/P with 
fibres being weighted Sobolev spaces with discrete asymptotics. If u and / are 
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constant in time, so for instance at the initial condition u = and / = /o, then 
W 'p (L) is simply a weighted Sobolev space with discrete asymptotics, and 
the discrete asymptotics are defined using the map S(„j) : f*[TT) -^ Cl^^{L). 
Next we define the weighted parabolic Sobolev space W^'p'^ , ((0,r) x L) 
with discrete asymptotics in the usual way by 

KX.n ««' r) X ^) = ^'((0. n <;?,„,,, W) n W'^^iiO, T); W^^-_l%{L)). 

Now consider the linearization of the operator ([T4)) at some (m, /) G 'D^'p , which 
is a linear operator 

dPK/) : Wl^^^P((Q,T) X L)®W'^P((Q,T)-nTF)) -^ ^l'^^q'^'IIO.T) x L). 

Using S(k J) to identify f*{TT) with Vp^^j.^{L), we can understand the lin- 
earization of (ITil) at (w, /) as a linear operator 

dPiuJ) : <:'p;^^,((0,T) X i) ^ <L^:q'^((0,T) X i). 

In the next proposition wc obtain an explicit formula for the linearization 
of (|14p at the initial condition (0, /o), but first we need to introduce some more 
notation. Let {u, f) G V'^p and w G f*{TT). Then 9u,(${ o du) is a section 
of the vector bundle ($;^ o dM)*(TA'/). From Proposition 15. II it follows that the 
normal part of dw{^]^ o du) is equal to — J(d(${ o du)(VS(„j)(u'))). We then 
define — W^(d[S(„j)(it;)]) G TL to be the tangential part of d^i^^ °dw), i.e. we 
have that 

a„,(${ od^/,) = -j(d(${ odu)(vS(„,/)H)) -d(${ od7.)(w^(d[S(„,/)M])), 

and then the following result holds. 

Proposition 5.5. Let {uj) G 23^'" and « - S(oj„)H G VF^Ip;^ ^.^, ((0, T) x L), 
w/iere v G 1^^^'=^p((0, T) x L) and w G ^^^'^((O, T); /*(TJ")). T/ien 

„ d „ 

dP(0,/o)(w,^(o,/o)M) = ^(«-^(o,/o)(w^)) -^(«-^(o,/o)(w^)) 

+ d[0(Fo)](F(dz;)-W^(d[S(o,/„)H])). 

ifere i/ie Laplace operator and V are computed using the Riemannian metric 
Fo*ig) on L. 

The proof of Proposition 15.51 consists of a rather long computation and can be 
found in H Prop. 9.10]. 
We define 

Recall that if (u, f) G ^?j,''', then u and / extend continuously to t = 0, since 
u and / arc uniformly Holder continuous on (0,T) by the Sobolev Embedding 
Theorem. Moreover observe that {u, /) G "D^p is a solution of the Cauchy 
problem ^ if and only if {u, f) G V'^^p and P{u, f) = 0. Wc define 

KitJ^^^^^ xL) = {ve <p;!,,,((0,r) X L) : «(0,.) ^ on L}. 
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In the next proposition we show that the hnearization of the operator ([T^ at the 
initial condition (0, fo) is an isomorphism provided that the conical singularities 
are modelled on stable special Lagrangian cones. 

Proposition 5.6. Assume that the model cones Ci, . . . , C„ of Fq : L ^ M are 
stable special Lagrangian cones in the sense of Definition \4-S\ Then, for T > 
sufficiently small, the linear operator 

dP(0,/o) : Kifo.fJi^^T) X ^) ^ <'-2:q'((0,T) X L) (17) 

is an isomorphism of Banach spaces. 
Proof. Wc only give a sketch of proof. Let us define an operator 



by 

dt 



H ■■ M^;i%,,„,((0,T) X L) -> W^;:LtQ'"((0,T) x L) (18) 



d 

H{v,^{ojo)M) = jr.{v- S(o,/„)(w)) - A(w - ^(ojo)(w)) 



+ d[^(Fo)](M^(db-S(oj„) («;)])). 
Observe that 

dP(0,/o)(«,S(o,/„)(«i)) -i7(t;,S(oj„)(u;)) =d[0(Fo)](T/(dt;) -M^(d«)) (19) 

and that each of the terms on the right side of (fTO)) lies in W'_2q'{{Q, T) x L). 
Thus it follows that the operator H in (fT8)) is well defined. Let us also define 
D : W!:% (L) ^ W!:-1'UL) by 

D{v, E^ojo)M) = Mv - S(ojo)(^)) + d[0{Fo)]{W{d[v ~ S(o,y„)(z«)])). 

Then one can show that D is an operator of Laplace type as defined in 
and we can define weighted Sobolev spaces with discrete asymptotics as in 
Notice that H ^ dt~ D. 

Now comes the key point about the stability of the special Lagrangian cones 
Ci, . . . , C„. Using the stability of Ci, . . . , C„ and Theorem 13 . 101 we find that 

<"p<o,,„,(i) = <"p£>W and W^-_l%{L)^W^-_l%njL) 



and hence 

'^'P(0,/o)" ' / / /i,P 

and also 



W^ip! ,„,((0,T) X L) =. Wl:':'EmT) X L) 



WH'^q'^T) X L) = W'^'^~'^-EJiO,T) X L), 

where the weighted parabolic Sobolev spaces with discrete asymptotics are de- 
fined as in ij3.4l In particular it follows that H in ((T5)) is a map 

H : W'/p-SiiO, T)xL)^ <'Vp- ((«' ^) >< ^) (20) 

and Theorem 13.111 and the Open Mapping Theorem [TTJ XV, Thm. 1.3] imply 
that (PO)) is an isomorphism of Banach spaces. 
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Using interpolation estimates for weighted parabolic Sobolev spaces one can 
show that the operator dP(0, /o) — H is a, bounded operator 

dP(0,/o) - H : VF^;'p|((0,T) x L) ^ C°((0,r); M^^^:^'P(L)) 

and, using the Rellich-Kondrakov Theorem for weighted spaces and the Aubin- 
Dubinskii Lemma as in [2J Prop. 7.1], one can further show that dP(0, /o) — H 
is a compact operator W^.^po ((0, T) x L) — > W°'''~l'E ((0, T) x L). Since ^ 

is an isomorphism, it is a Fredholm operator with index zero. Using a standard 
perturbation argument and the Fredholm alternative it then follows that for 
T > sufhcicntly small (|17p is an isomorphism. D 

We are now ready to prove short time existence of solutions with low regu- 
larity to the Cauchy problem P^ . 

Proposition 5.7. Let /x G M" with 2 < fi < v> and (2,/Xi] fl £■£. = for 
i ~ 1, . . . , n and assume as in Proposition 1 5. 61 that Ci, . . . , C„ are stable spe- 
cial Lagrangian cones. Then there exists r > and {u, f) S 2?Jj'P, such that 
P{u, f) = on the time interval (0,t). 

Proof. By Proposition l5.6[ 

dP(0,/o) : Wl^!^%J{0,T) X L) ^ <L\:^^^((0,r) x L) 

is an isomorphism of Banach spaces. Since P : V^p — > W^„'_2^q'^((0,T) x M) is 
smooth by Proposition [531 the Inverse Function Theorem for Banach manifolds 
[TTl XIV, Thm. 1.2] shows that there exist open neighbourhoods V C T)'?^^ of 

(0,/o) and W C W°:^^Q'P((0,r) X L) of P(0,/o), such that P : V ^ W is a 
smooth diffcomorphism. For r G (0, T) we define a function u;^ on (0, T) x L by 

, , _ J for i < T and x € L, 

Wr{t, X) - j ^^Q^ ^^^^^^ _^^ for i > r and .t e L. 

Then w-r € W^^i^2^q^((0, P) x L) for every r g (0, T). In particular we can make 

Wr - P{0,fQ) arbitrarily smaU in W°'^^Q'^((0,r) x L) by making t > small. 
Thus for T > sufficiently small we have Wr € W and there exists (u, f)GV 
with P(m, /) = Wr • But then P(u, /) = on (0, r) as we wanted to show. D 

5.4 Spatial regularity theory of the flow 

In this section wc discuss the spatial regularity of solutions to P{u, f) = 0. 
Detailed proofs of the results can be found in [2 §9.6]. 

We begin with the study of the spatial regularity of the function u. 

Lemma 5.8. Let {u,f) e ^!l''' be a solution of P{u, f) = 0. Then u{t,-) G 
C°°{L) for every te (0,T). 

The proof of Lemma 15.81 is more or less standard and not very exciting, so we 
skip it. 

In the next lemma the decay rates of the higher derivatives of the function 
u + a are studied, where a £ C^{L) is given by Theorem 14.91 
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Lemma 5.9. Let {u, /) £ T^'^^ be a solution of P{u, /) = 0. Assume that 
M + a G M/:^'2'P((0,T) X L) for some 7 e M" with 2 < 7 < 3. Then u + a e 
W4'''P((0,T) X L)) for every I e N. 

The proof of Leniina l5.9l is also not very exciting and merely uses some more or 
less standard techniques for linear parabolic equations on manifolds with conical 
singularities and Lemma l5.8l Therefore we skip the proof of Lemma l5.9l as well. 
In the next lemma we show that the rate of decay of the function u becomes 
better for positive time t > 0. 

Lemma 5.10. Let {u, f) G ^fj''' be a solution of the Cauchy problem (J13p . Then 
u + a e W}^^'^'P{L X L) for every I CC (0,r) and 7 G M" with 2 < j < 3 and 
(2,7j]n£:E, ^9fori^l,...,n. 

Proof. Finally we have a lemma which is more interesting, so we will discuss 
the proof in some detail. The proof uses some more advanced techniques from 
functional analysis which can be found in Davies [S]- Denote v = u + a. Since 
fi < v, we have that u + a G W^''''P{{0,T) x L). Denote Ui = </>*(«) and define 
Vi = Ui + Oi for i = 1, . . . , n. Then one can show that Vi satisfies 

-^{t,a,r) = Av,{t,a,r) +h,{t,a,r) ioT (t^a.r) G(0,r)xE, x (0,E), 

Vt{0, cr, r) = ai((T, r) for (cr, r) G Si x (0, R) 

and i = 1, . . . ,n, where the Laplace operator is taken with respect to the Rie- 
mannian cone metric gi = l* {g') on S^ x (0, R) and hi : (0, T) x E^ x (0, _R) ^ M 
is a function that is defined using the error terms Q and Ri from Lemma 15.41 
and the function S(„j)(-j^). The precise definition of hi is not important, the 
only important fact about hi is that if we choose some h G VF°'*''~^^^((0, T) x L) 
with (j)* (h) = h,ioTi = l,...,n, then h G W^2,f-4^'^((0, T) x L). 

Now choose some Riemannian metric g on L with 0* (gi) — g for i = 1, . . . , n. 
Since Vi satisfies (PT]) for i = 1, . . . , n, we find that 



-^(i,x) = Agi;(i,x) +h{t,x)+r{t,x) for (t,a;) G (0,r) x L, 

w(0, x) = a{x) for a; G L, 

where the Laplace operator is taken with respect to the Riemannian metric g 
and r G M^°'''"2,p('('o^t) x L) is supported on (0,r) x (i\ UHi 5'j)- Let H be 
the Friedrichs heat kernel on {L,g). Then, by uniqueness of solutions to the 
heat equation, v must be given by 

v{t,x)= f f Hit-s,x,y){h + r)is,y)dVgiy)ds+ f H{t,x,y)a{y)dVg{y) 

Jo JL JL 

for {t,x) G (0,r) X L. Since h G W2°^*i:/'''((0, T) x L) one can use the same 
arguments as in the proof of Theorem 13.111 to show that the first term lies in 
W'''Z, pA ((0,T) X L). Moreover by the standard mapping properties of the 

Friedrich heat kernel and the Sobolev Embedding Theorem it follows that the 
second term lies in C^ iL) for every t G (0, T) and 5 G M and is smooth in 

t G (0,T). Hence it follows that 

V G Wl^^^P{I X L) n Wl'^il^^^JI X L) 
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for every / CC (0, T). In particular, if (2, 2/.jj - 2] n fs, = for i = 1, . . . , n, 
then it follows that v £ W^2u,-^(-^ ^ ^) ^'^^ every / CC (0, T). In particular, since 
/i. > 2, we have that 2/x — 2 > /x and thus we have improved the decay rate of 
the function v. Iterating this procedure we then find that v C Wy'^'P(/ x L) for 
every I CC (0,T) and every 7 e M" with 2 < 7 < 3 and (2,7,] n £^, ^ 9 for 
i = 1,. . . ,n. n 

This completes our study of the spatial regularity of solutions to P(ii, /) = 0. 
We summarize the previous three lemmas and some obvious conclusions in the 
following proposition. 

Proposition 5.11. Let {u, f) £ T^'^^ be a solution of the Cauchy problem (|13p . 
Then f defines W^''^ -one-parameter families {2:i(i)}tG(o.T) of points in M for 
i = 1, . . . , n and of isomorphisms {Ai(t)}tg(o y) for i = 1, . . . , n with Ai{t) £ 
Axi{t) for i = 1, ... ,71. Finally define a one-parameter family {F{t, •)}te{o,T) of 
Lagrangian submanifolds as in Provosition \5 .'A Then {F{t, ■)^t£{o,T) is a W^'^ - 
one-parameter family of smooth Lagrangian submanifolds with isolated conical 
singularities modelled on Ci , . . . , C„ . For i C (0, T) the Lagrangian suhmanifold 
F{t,-) : L -^ AI has conical singularities a;i(t), . . . , x„(t) and isomorphisms 
Ai{t) £ Axi{t) for i = 1, . . . ,n as in Definition \4-5\ Moreover for every t £ 
(0,T), F{t,-) : L ^ M satisfies dHj) for every 7 £ M with 2 < 7 < 3 anrf 
(2,7,] n^E. ^9 for 1=1,..., n. 

5.5 What about the time regularity of the flow? 

At least the author has no clue how the regularity of u and / in time direction 
can be improved. Why is there a problem with the time regularity of solutions 
to P(m,/) = 0, when u £ W^^''='P((0,r) x L) and / £ W'^'P{{0,T);T)? The 
author is aware of two methods how time regularity for solutions of parabolic 
equations can be improved, but neither method seems to work in our case. 

The first method would be to differentiate the equation P{u, /) = with 
respect to t and then to use standard regularity theory for linear equations to 
show that u and / have one more time derivative than apriori known. Let us 
see what happens when we differentiate the equation P(u, /) = with respect 
to t. By differentiating with respect to t we find that 

I {dtu - S(„,/) (^)) = A [d,u - S(„,;) (f)) + Rif, u, An, Vdu, d,u, %), 

where the force term R is some smooth function on its domain. The only impor- 
tant fact about the i?-term is that it only depend on the first time derivatives of 
u and /. In particular the i?-term is L^ in time. Using standard regularity the- 
ory for linear parabolic equations it follows that the function dtu — 'Ery^jU-^) is 
W^'P in time. So far so good, but what we really want is that dtu and S(„ jj (■^) 
are W^'^ in time. What is the problem? Notice that when we differentiate u 
with respect to t, then we lose two rates of decay, and therefore, loosely speak- 
ing, we have that dtU = 0{p^^'^). In particular dtU and E!(„j)(^) do not lie in 
complementary spaces anymore and we are not able to conclude that both dtu 
and S(„j)(-^) are M^^'^ in time from knowing that dtU — 5(„j-)(-^) is W'^'P in 
time. 

The second method to improve time regularity of solutions to parabolic 
equations is to write the nonlinear parabolic equation as the heat equation plus 
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a nonlinear perturbation term and then again to use regularity theory for linear 
parabolic equations to improve the regularity. So, more or less, we would like 
to write P{u, /) = in the following form 

d 

— (u + v) = A{u + v) + R{du,Vdu,dv,Vdv), (22) 

where v is the discrete asymptotics part and R is some smooth function on its 
domain. Notice in particular that the i?-term is W^^ in time, since it does not 
involve any time derivatives of u or the discrete asymptotics part v. If we were 
able to write P{u, /) = in this form, then wc one could use the heat kernel to 
write down explicit formula; for u and v. In fact, if H is the heat kernel on L, 
then H admits a decomposition H = H~f + Hp& , and then u is given by 

u{t,x)^ / / H-fit- s,x,y)R{s,y) dVg{y) ds, 
Jo Jl 

and the discrete asymptotics part v is given by 

v{t,x)= / / Hp&{t~ s,x,y)R{s,y)dVg{y)ds, 
Jo Jl "^ 

where we write R{s, y) for i?(du(s, y), Vdu(s, y), dv(s, y), Vdw(s, y)) and (s, y) £ 
(0,T) X L. Since the H^ and HpA are smooth in time and R is W^'^ in time, 
one can then show that both, u and v, are W'^'^ in time. So what is the 
problem with this approach? Notice carefully that the equation P{u, /) = 
does not really have the same form as equation (22). In fact, instead of having 
a time derivative of the discrete asymptotics part, we have the term S(„ y)(-^), 
where ^lu.f) ■ f*{TJ') ^^ H=(„ (L) is a time dependent map of vector bundles. 
Therefore, if we try to pull out the time derivative in E,ty^j\{-^) and try to write 
this term in the form "time derivative of the discrete asymptotics part," then we 
get new terms that involve the time derivatives of u and / because we have to 
differentiate the time dependent bundle map S(„j) and this messes everything 
up. 

If you, dear reader, have any ideas how the time regularity could be im- 
proved, or even if you merely survived in reading the paper up to this point, 
then you deserve the warmest congratulations and, if you have any remarks 
or comments, you are encouraged to send these to the author by email (The 
authors email address can be found at the end of this document). 

5.6 The main result 

We are done! Combining Propositions 15.21 15.71 and 15.111 we conclude our main 
theorem about the short time existence of the generalized Lagrangian mean 
curvature flow, when the initial Lagrangian submanifold has isolated conical 
singularities modelled on stable special Lagrangian cones. 

Theorem 5.12. Let (M, J, w, fl) be an m- dimensional almost Calabi-Yau man- 
ifold, 771 > 3, Ci, . . . , C„ stable special Lagrangian cones in C™, and Fq : L -^ M 
a Lagrangian submanifold with isolated conical singularities at xi, . . . ,Xn, mod- 
elled on the stable special Lagrangian cones Ci , . . . , C„ as in Definition \4-5\ 
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Then for sufficiently large p € (l,oo) there exists T > 0, W^'^ -one-parameter 
families of points {a:i(0}tG(o,T) *'^ M for i = 1, . . . ,n, continuous up to t = 0, 
with Xi{0) = Xi fori = 1, . . . ,n, and W^'^ -one-parameter families {^i(i)}tg(o.T) 
of isomorphisms Ai{t) G •A.xi(t) for i = 1, . . . ,n, continuous up to t ^ 0, with 
Ai[0) = Ai for i = 1, . . . ,n, such that the following holds. 

There exists a W^'^ -one-parameter family {F(t, Oltefo.T) of smooth Lagrangian 
submanifolds F{t, •) : i — > M, continuous up to t ~ 0, with isolated coni- 
cal singularities at xi(i), . . . , a;„(t) modelled on the special Lagrangian cones 
Ci, . . . , C„ and with isomorphisms Ai{t), . . . , An(t), Ai{t) : C™ — >■ T^.^t-^M for 
i ~ 1, . . . ,n as in Definition \J^.5\ which evolves by generalized Lagrangian mean 
curvature flow with initial condition Fq : L ^ M . Moreover, for every t G (0, T) 
the Lagrangian submanifold F{t, ■) : L ^f M satisfies (|12p for every 7 £ K." with 
7,; G (2, 3) and (2, 7^] n £s, = /or i = 1, . . . , n. 
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